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Abstract. The reflection of the sunlight over the sea surface is called glitter pattern. In previous works where the
one-dimensional case was analyzed, the glitter function was mathematically described by a rect function. This
rect function has proven to be a very good representation of the glitter pattern. A Gaussian glitter function is used
like a first approximation to the rect function. The statistical relationship between the variance and the correlation
function of the intensities of the image, the glitter pattern, and the variance of the sea surface slopes are obtained
and analyzed. The analytical solutions for these relationships are given by different equations; however, the
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1 Introduction
To measure the wave motion, the use of radar images and
optical processing of aerial photographs has been used. In
the last century, Barber1 showed that the periodicity and
directionality of waves can be estimated from the optical dif-
fraction patterns of an image of the sea surface. Cox and
Munk2–4 studied the distribution of intensity or glitter pat-
terns in aerial photographs of the sea. One of their conclu-
sions was that for constant and moderate wind speed, the
probability density function of the slopes is Gaussian as a
first approximation. This could be taken as an indication
that in certain circumstances the ocean surface could be mod-
eled as a Gaussian random process.

Álvarez-Borrego5–7 derived the equations which describe
the glitter pattern in one and two dimensions. With the glitter
function, we can find the variance and the correlation func-
tion of the sea surface slopes from the statistics of the inten-
sities in the image. Álvarez-Borrego8 considered the problem
of retrieving spatial information of the statistical properties
of random rough sea surfaces from images via remote sens-
ing. He obtained expressions relating the variance and the
correlation function in the image and the surface heights.
He considered the detector located at an arbitrary height
above the sea level.

Zhang and Wang9 carried out comparison studies with
measurements from moderate resolution imaging spectrora-
diometer for several popular sun glitter models.

Baxter10 studied the ocean wave slope and height retrieval
using imagery collected from a polarimetric camera system
mounted on an airborne platforms, enabling measurements

over large areas and in regions devoid of wave buoys devel-
oping a technique to calculate significant wave height.

Kay et al.11 demonstrated that it is feasible to generate
high-resolution sea surface models and use them in radiative
transfer modeling of the ocean surface. Incorporating correct
statistics of surface elevation as well as slope gave estimates
of reflected radiance.

Recently, an improved model to obtain some statistical
properties of the sea surface slopes via remote sensing
using variable reflection angle has been considered.12 The
statistical parameters of the sea surface slopes were obtained
from the statistics of the glitter pattern considering the detec-
tor located at any heights over the mean of the sea level.

In the present article, we derivate new relationships of the
variance and the correlation function of the intensities in the
image of the sea surface and sea surface slopes for different
incidence angles by considering a Gaussian glitter function.
We also compare these results with the obtained previously
by Álvarez-Borrego and Martín-Atienza.12 In other words,
illumination changes in the glitter pattern can be modeled
using a Gaussian glitter function and the comparison with
previous result will give us an idea about the behavior of
these theoretical relationships. In our work, we assume
that all the sea waves are moving along a single direction
(in the open ocean the wind waves can be assumed to be
mono-directional, however, this is not true for shallow envi-
ronments because of the varied topography13) and vertical
plane containing this direction includes both the observer
and the sun.14 However, for any angle of reflection of the
sunlight, the glint points on one transect taken from a
two-dimensional glitter image does not contain the same
number of glitter as a one-dimensional (1-D) profile because
of the x and y components.
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The material of this work is organized as follows: in
Sec. 2, the statistical properties of sea surface slopes are
described; in Sec. 2.1, the statistical properties using a
rect glitter function are obtained; in Secs. 2.1.1 and 2.1.2,
the relationships among the variances and the correlation
function of the intensities in the image and sea surface slopes
considering a Gaussian probability density function are cal-
culated, respectively; in Sec. 2.2, the statistical properties
using a Gaussian glitter function like the mean, variance,
and the correlation function of the image are obtained; in
Sec. 3, the results and discussions are presented and in
Sec. 4, the conclusions are given.

2 Statistical Properties of Sea Surface Slopes
This section describes the geometric model used and the dif-
ferent theoretical relationships between the variances and the
correlation functions using different glitter function.

2.1 1-D Geometric Model

We propose to use the same 1-D geometry as in Álvarez-
Borrego and Martin-Atienza,12 in which θd is a variable
angle subtended by the optical system of the detector with
the normal at one point of the surface (Fig. 1). This
model does not impose a restriction on the sensor field of
view. In addition, we neglect the effect of shadowing, i.e.,
when some reflecting points are obscured by roughness of
the sea surface.

The geometric model, considering θd as a variable, is
shown in Fig. 1. The surface ζðxÞ is illuminated by a uniform
incoherent source S of limited angular extent, with wave-
length λ̄ and an apparent diameter β. Its image is formed
in D by an aberration free optical system. The incidence
angle θs is defined as the angle between the incidence direc-
tion and the normal to the mean surface. From Fig. 1, we can
observe that, ðθdÞi corresponds to the angle subtended by the
optical system of the detector with the normal to the point i
of the surface, and is given by

ðθdÞi ¼ tan−1
�
iΔx
H

�
; (1)

where H are the height of the detector, and Δx is the interval
between surface points. Here, αi is the slope angle at each i
point in the surface and is subtended between the normal to
the mean surface and the normal to the surface in the i point,
i.e.,

αi ¼
θs
2
þ 1

2
tan−1

�
iΔx
H

�
: (2)

In this realistic physical situation, the angle ðθdÞi is
changing with respect to each point in the surface. It is
worth noticing that by using a variable ðθdÞi the sensor
field of view is not restricted.

According to Álvarez-Borrego and Martín-Atienza,12 the
glitter function can be expressed as

BðMiÞ ¼ rect

�
Mi −M0i

ð1þM2
0iÞ β

2

�
; (3)

where

M0i − ð1þM2
0iÞ

β

4
≤ Mi ≤ M0i þ ð1þM2

0iÞ
β

4
; (4)

Mi ¼ tanðαiÞ; (5)

M0i ¼ tan

�
θs þ ðθdÞi

2

�
: (6)

By combining Eqs. (2) and (4)–(6), we obtained

θs
2
þ 1

2
tan−1

�
iΔx
H

�
−
β

4
≤ αi ≤

θs
2
þ 1

2
tan−1

�
iΔx
H

�
þ β

4
;

(7)

which is the slope angle interval, where a bright spot is
received by the sensor.

2.1.1 Relationship between the variance of the
intensities in the image and surface slopes
considering the Gaussian probability density
function for the slopes and using the rect
glitter function

The mean of the image μI may be written as12

μI ¼
1

N

XN
i¼1

Z
∞

−∞
BðMiÞpðMiÞdMi

¼ 1

N

XN
i¼1

1

σM
ffiffiffiffiffi
2π

p
Z

∞

−∞
rect

�
Mi −M0i

ð1þM2
0iÞ β2

�
exp

�
−

M2
i

2σ2M

�
dMi;

(8)

where pðMiÞ is the Gaussian probability density function in
one dimension. Defining L1i ¼ M0i − ð1þM2

0iÞβ∕4 and
L2i ¼ M0i þ ð1þM2

0iÞβ∕4 the resulting expression is

μI ¼
1

N

XN
i¼1

1

2

�
erf

�
L2iffiffiffi
2

p
σM

�
− erf

�
L1iffiffiffi
2

p
σM

��
: (9)

The variance of the intensities in the image is defined by
Álvarez-Borrego and Martín-Atienza:12

Fig. 1 Geometry of the model to get some statistical properties of
marine surface.
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σ2I ¼
1

N

XN
i¼1

Z
∞

−∞
½BðMiÞ − μI�2pðMiÞdMi

¼ 1

N

XN
i¼1

�
1

2

�
erf

�
L2iffiffiffi
2

p
σM

�
− erf

�
L1iffiffiffi
2

p
σM

��

−
1

4N

�
erf

�
L2iffiffiffi
2

p
σM

�
− erf

�
L1iffiffiffi
2

p
σM

��
2
�
; (10)

which is the required relation between the variance of the
intensities in the image, σ2I , and the variance of the surface
slopes, σ2M.

2.1.2 Relationship between the correlation function of
the intensities in the image and surface slopes
considering the Gaussian probability density
function for the slopes and the rect glitter
function

The relationship between the correlation function of the sur-
face slopes, CMðτÞ, and the correlation function of the glitter
pattern, CIðτÞ, is given by

σ2ICIðτÞ ¼
1

N

XN
j¼1

Z
∞

−∞

1

N

XN
i¼1

Z
∞

−∞
BðM1iÞBðM2jÞ

× pðM1i;M2jÞdM1idM2j; (11)

where τ is the lag and BðM1iÞ and BðM2jÞ are the glitter
function in two different slopes, and

pðM1i;M2jÞ ¼
1

2πσ2M½1 − C2
MðτÞ�1∕2

× exp

�
−
M2

1i þM2
2j − 2CMðτÞM1iM2j

2σ2M½1 − C2
MðτÞ�

�

(12)

and after an analytical integration we obtain

σ2ICIðτÞ ¼
1

N2

XN
j¼1

Z
L2j

L1j

XN
i¼1

ffiffiffi
2

p

4σM
ffiffiffi
π

p exp

�
−
M2

2j

2σ2M

�

×
�
erf

�
L2i − CMðτÞM2jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2σ2M½1 − C2

MðτÞ�
p

�

− erf

�
L1i − CMðτÞM2jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2σ2M½1 − C2

MðτÞ�
p

��
dM2j; (13)

and L1j ¼M0j − ð1þM2
0jÞðβ∕4Þ, L2j ¼ M0j þ ð1þM2

0jÞ×ðβ∕4Þ and M0j ¼ tanf½θs þ ðθdÞj�∕2g.
Equation (13) is the required relation between the corre-

lation function of the intensities in the image, CIðτÞ, and the
correlation function of the surface slopes, CMðτÞ.

2.2 Relationship between the Variance and the
Correlation Functions of the Intensities in the
Image with Sea Surface Slopes Considering the
Gaussian Probability Density Function and Using
the Gaussian Glitter Function

In this article, we define the Gaussian glitter function as

BðMiÞ ¼ exp

�
−
ðMi −M0iÞ2

a2i

�
; (14)

and considering Eqs. (4)–(7), and the same definition for the
mean and the variance of the intensities of the image, we find

Table 1 Variances of the image for different incidence angles, when
H ¼ 100, 500, 1000, and 5000 m.

θs (deg)
Theoretical variance

of the image
Mean theoretical

variance

100 m

10 0.001069765223863 0.001064441599496

20 0.001492025954505 0.001487184949989

30 0.001958230130476 0.001955343259637

40 0.002388736757325 0.002388029903017

50 0.002671209128861 0.002671295526859

500 m

10 0.003108873399102 0.003110830998389

20 0.003208815843187 0.003211731390714

30 0.002889310589063 0.002891047686755

40 0.0002257519594897 0.002257332274056

50 0.001511883141621 0.001510770353073

1000 m

10 0.003378318252945 0.003381503619410

20 0.003092065713698 0.003094688190786

30 0.002426914586206 0.002428151612356

40 0.001608171050977 0.001608346018891

50 8.760812803764654e − 004 8.759361191028363e − 004

5000 m

10 0.003275186586775 0.003278138111697

20 0.002669361095169 0.002671306656354

30 0.001833467188234 0.001834361752515

40 0.001032391737440 0.001032663417692

50 4.561791395959260e − 004 4.562286393551489e − 004
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μI ¼
1

N

XN
i¼1

0
BBBBBB@

ai
2

ffiffiffiffiffiffiffiffiffiffiffiffi
2σ2Mþa2i

p exp

�
− M2

0i
2σ2Mþa2i

�
×8>><

>>:
erf

� ffiffiffiffiffiffiffiffiffiffiffiffi
2σ2Mþa2i

p ffiffi
2

p
aiσ2M

ðL2iÞ −
ffiffi
2

p
σMM0i

ai
ffiffiffiffiffiffiffiffiffiffiffiffi
2σ2Mþa2i

p
�
−

erf

� ffiffiffiffiffiffiffiffiffiffiffiffi
2σ2Mþa2i

p ffiffi
2

p
aiσ2M

ðL1iÞ −
ffiffi
2

p
σMM0i

ai
ffiffiffiffiffiffiffiffiffiffiffiffi
2σ2Mþa2i

p
�

9>>=
>>;

1
CCCCCCA
;

(15)

and

σ2I ¼
1

N

XN
i¼1

ai
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4σ2M þ a2i

p exp

�
−

2M2
0i

4σ2M þ a2i

�

×

8>><
>>:

erf

�� ffiffiffiffiffiffiffiffiffiffiffiffi
4σ2Mþa2i

p ffiffi
2

p
aiσM

�
ðL2iÞ − 2

ffiffi
2

p
σMM0i

ai
ffiffiffiffiffiffiffiffiffiffiffiffi
4σ2Mþa2i

p
�
−

erf

�� ffiffiffiffiffiffiffiffiffiffiffiffi
4σ2Mþa2i

p ffiffi
2

p
aiσM

�
ðL1iÞ − 2

ffiffi
2

p
σMM0i

ai
ffiffiffiffiffiffiffiffiffiffiffiffi
4σ2Mþa2i

p
�

9>>=
>>;

− μ2I ;

(16)

where ai ¼ ð1þM2
0iÞβ∕8 gives information of the width of

the Gaussian glitter function.
In addition, the relationship between the correlation

function of the surface slopes, CMðτÞ, and the correlation
function of the glitter pattern, CIðτÞ, is given by

σ2ICIðτÞ¼
1

N

XN
j¼1

Z
∞

−∞

1

N

XN
i¼1

Z
∞

−∞

BðM1iÞBðM2jÞ
2πσ2M½1−C2

MðτÞ�1∕2

×exp

�
−
M2

1iþM2
2j−2CMðτÞM1iM2j

2σ2M½1−C2
MðτÞ�

�
dM1idM2j;

(17)

where

BðM1iÞBðM2jÞ¼exp

�
−
ðM1i−MoiÞ2

a2i

�
exp

�
−
ðM2j−MojÞ2

a2j

�
;

(18)

and

pðM1i;M2jÞ ¼
1

2πσ2M½1 − C2
MðτÞ�1∕2

× exp

�
−
M2

1i þM2
2j − 2CMðτÞM1iM2j

2σ2M½1 − C2
MðτÞ�

�
dM1idM2j:

(19)

Therefore, the result of the first integral is

σ2ICIðτÞ ¼
1

N2

XN
j¼1

Z
L2j

L1j

XN
i¼1

ai
2

ffiffiffiffiffi
2π

p
σM

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2i þ 2σ2M½1 − C2

MðτÞ�
p

× exp

0
BBB@

�
−a2i a

2
j−2σ

2
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MðτÞ�g
2a2jσ

2
Mfa2iþ2σ2M ½1−C2

MðτÞ�g

�
M2

2jþ

þ
�

2M0iCMðτÞ
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−
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erf
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−erf
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p

�
1
CCCAdM2j: (20)

Although we obtain an analytical relationship for the first
integral, for the second integral, the process must be numeric.
In order to avoid computer memory problems, the 16,000
data-point profile can be divided into 16 consecutive inter-
vals. The value of ðθdÞi varies point to point in the profile.
For each interval and for each θs value, the relationship
between the correlation functions CIðτÞ and CMðτÞ is calcu-
lated. Then, to compare the results using the rect and the
Gaussian glitter function we used a value of σM ¼
0.2121. It is necessary to normalize the correlation functions,
by using the corresponding variances. A theoretical variance
σ2I can be calculated from Eqs. (10) and (16) (for both rect
and Gaussian glitter function cases), respectively. It is also
possible to estimate the variance by averaging the theoretical
variances calculated for each of the 16 intervals. In the rect
glitter function case, these results can be seen in Álvarez-
Borrego and Martín-Atienza.12 We compare both variances
in Table 1 for the Gaussian glitter function case for different
values of H.

3 Results and Discussions
The next figures show the comparison of Eqs. (10) and (13),
where the rect function and the Gaussian function are used
like glitter functions.

In Fig. 2, the variance of the surface slope is represented
against the variance of the intensities of the image. Values of
σ2M from 0 to 0.04 correspond linearly to a wind velocity in
the range from 0 to 12 to 14 m∕s, according to Cox and
Munk.15 The shape of the curves for the rect and the
Gaussian cases is very similar. Their differences correspond
to the changes in the values of the variance of the intensities.
The profile of the source in the Gaussian case is less intense
than for the rect glitter function. This figure shows how these
relationships change for different heights (100, 500, 1000,
and 5000 m). It can be seen that when H increases, the
line corresponding to a value of incidence angle of
50 deg descends and even cross with the others lines.

When H increases, the lines with larger θs go down until
the arrangement of the curves changes. If the camera is fixed
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at H ¼ 100 m, it will receive more reflected light at large θs
because of the geometry of the reflection. WhenH increases,
the camera sensor will receive less reflected light for large
incidence angles.

In Fig. 3, the shape of the curves is also very similar for
the rect and Gaussian cases (excepting forH ¼ 100 m). This
figure shows these normalized relationships using the two
glitter functions) for 100, 500, 1000, and 5000 m. The cor-
relation functions have a behavior similar to the variance
curves when the sensor height changes.

4 Conclusions
The behavior of the curves for different H is the same, not-
withstanding the use of the rect or the Gaussian glitter func-
tion. Both glitter functions are easy to use in the calculations
of these relationships. The differences in the values of the
variance of the intensities of the image in both cases are pro-
portional to the profile of the source used. Both glitter func-
tions represent well the physics of the problem, which can
act as a function to modulate the intensity of luminescence
on brightness pattern, which is consistent with different

Fig. 2 Comparison between the variance of the intensities of the
image versus the variance of the surface slopes using rect (left
side) and Gaussian (right side) glitter function for: H: (a) 100,
(b) 500, (c) 1000, and (d) 5000 m, respectively.

Fig. 3 Comparison between the correlation of the intensities of the
image versus the correlation of the surface slopes, using rect (left
side) and Gaussian (right side) glitter function for H: (a) 100,
(b) 500, (c) 1000, and (d) 5000 m, respectively.
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actual physical situation such as the presence of clouds or
aerosols between the sensor and sensing area of sea surface.
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