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In a recent paper, McMurry, Weaire, Lunney, and Hutzler'
claimed that the angular dependence of exiting photons dif-
fusively transmitted through a disordered multiple-light-
scattering material is controlled by scattering anisotropy in
terms of the ratio €*/€, of the transport to scattering mean
free paths. Motivated by discussion with Weaire, I considered
the same problem but reached a different conclusion.?
Namely, the angular dependence is approximately indepen-
dent of scattering anisotropy and depends strongly on the
reflectivity of the sample boundary. Within the confines of
a diffusion approximation, transport is best described by the
photon concentration field U (r) satisfying a diffusion equa-
tion with D= (1/3)c€* and boundary conditions such that
U (r) extrapolates to zero at distance z, X €* outside the sam-
ple. The value of the extrapolation length ratio z, is chosen
so that the fictitious flux of photons entering the sample equals
the boundary reflectivity times the flux leaving. This gives
z.=3)(1+R,)/(1-R,) where R,=(n+ DfJu"R(p)dp
and R() is the total reflection probability for a photon strik-
ing the sample boundary at angle cos ™ ' with respect to the
normal. Given such a concentration field, the angular de-
pendence of the exiting photons can be found by straight-
forward kinetics. Ignoring refraction, I calculated that the
probability P(u)d for a transmitted photon to exit between
cos ™ 'w and cos ™ '(w +dp) from the normal is given by

Z,t W
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P(w)/n=
It thus contains a mixture of cosine and cosine-squared de-
pendence that depends on the boundary reflectivity through
the value of z,.

In Ref. 21 tested Eq. (1) by comparison with random walk
computer simulations incorporating both scattering aniso-
tropy and boundary reflectivity. Walkers were launched from
one edge of a slab with thickness L=15€¢* and allowed to
wander according to the values of €*/€_ and R(j) until they
exited at either edge. Figure 1 shows new simulation data
for isotropic scattering and several constant boundary re-
flectivities R() = R. Evidently, P(j)/j. varies dramatically
with R but is nearly linear in p and compares quite well with
the prediction of Eq. (1).
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Fig. 1 Simulation results for the angular distribution of exiting pho-
tons transmitted through slabs of optical thickness L/¢* =15, with
boundary reflectivities as labeled, for the case of isotropic scattering.
Each data set is based on 10° transmission events, giving statistical
error bars that are typically smaller than the symbol size and vary
as 1/\/j. Data compare well with the solid lines, which represent
the predictions of Eq. (1) with no adjustable parameters.
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Fig. 2 Values of z, obtained by fitting Eq. (1) to Ref. 2 simulation
data for P(u). Solid symbols are for data within 45 deg of the surface
normal, where excellent fits are obtained; the resulting z, are in good
agreement with predictions, as shown, independent of scattering an-
isotropy. Open symbols are for the full data set, where poor fits are
obtained.

When anisotropy is included, the angular dependence is
unaffected except for a subtle dip at glancing angles (see
Fig. 5 of Ref. 2). As demonstrated in Fig. 2, the mixture of
cosine and cosine-squared dependence near the forward di-
rection is still controlled by boundary reflectivity. Results for
2z, based on Eq. (1), multiplied by a new normalization factor,
fit to simulation data for walkers exiting within 45 deg of the
normal are shown by solid symbols versus €*/€_. To within
statistical uncertainty, these values of z, are constant and
equal to the prediction (2/3)(1 +R)/(1 —R). If the data are
instead fit to Eq. (1) over the entire range of ., including the



dip near glancing angles where P(u)/p. deviates from lin-
earity, then the resulting values of z, decrease systematically
with €*/€_, as shown by the open symbols, but have little
significance since the functional form is incorrect. This could
explain the increase in cosine-squared dependence with in-
creasing €*/€, obtained by McMurry et al. from fits to their
own simulation data. Perhaps the theoretical ideas they ad-
vance could be used to quantitatively explain the slight dis-
crepancy at small p between simulation results and Eq. (1)
in terms of the scattering anisotropy. However, it should be
cautioned that such deviations can be small compared to
refraction effects and may depend on more details of the
scattering form factor than just the value of €*/¢,.

In conclusion, the angular dependence of diffusely trans-
mitted light is set primarily by boundary effects independent
of scattering anisotropy. This is also born out by experimental
work on suspensions of polystyrene spheres of variable size,
where refraction and polarization are also important.® Scat-
tering anisotropy has at most a subtle influence on behavior
at glancing angles; there, detected photons originate in a
region very close to the boundary where diffusion approxi-
mations are least accurate. Contrary to the conclusion of
Ref. 1, the functional form of P () thus tells little about the
structure of the scattering material itself. Rather, its impor-
tance is in revealing the nature of the sample boundary and
in showing what value of z, should be used in diffusion
theory predictions for the transmission probability? and the
diffusing-wave spectroscopy autocorrelation function.* With
proper choice of z,, accuracies on the order of 1% can be
obtained without recourse to numerical solution of the exact
transport equations.
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In a recent paper' we addressed the problem of the angular
dependence of light transmitted through a foam, which is
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predicted by the diffusion model in the case of slab geometry
to be of the form

T(®)=a cos® +b cos?d , (N

where 0 is the angle the transmitted light makes with the
normal to the exit face, and b/a = 3/2 if the usual boundary
condition, that there is no net inward flux of diffuse light at
the exit face, is applied. Measurements on real foam samples
indicated higher values of b/a, and random walk simulations
showed that this ratio increases with the degree of anisotropy
of the local scattering (measured by the ratio €/€* of the mean
free path to the transport mean free path).

Durian? has called these results into question on the fol-
lowing grounds:

1. The angular distribution of the transmitted light is
strongly affected by reflection at the boundary, when
a glass container is used.

2. His random walk simulations showed no dependence
on anisotropy.

We fully agree with Durian on point 1. However, this problem
did not arise in our measurements on solid foam, which needs
no container. Our random walk program, with no reflection
at the boundary, is therefore an appropriate simulation for
these measurements. These simulations showed a variation
of b/a that was produced only by the anisotropy of the local
scattering.

Our experimental results for liquid foam, in a glass con-
tainer, indicated that b/a was larger than 3/2. Our simulations
showed such an increase in the case of predominantly forward
local scattering. However, incorporating the effects of re-
flection through introducing an average reflectance R in the
diffusion model® decreases, rather than increases, the ratio
bla, giving [3(1 —R)}/[2(]1 + R)] instead of 3/2.

With regard to point 2 we have two comments to make
in reply. First, Durian uses an exponential step-length dis-
tribution in his simulations,® in contrast to the fixed step-
length used in Ref. 1. Our simulations using the exponential
step-length distribution show a reduction in the range over
which b/a varies compared to the case of fixed step length.
This is shown in Fig. 1. However, an increase in b/a as €/€*
decreases is still apparent. (The scattering function used in
Ref. 3, and in the results displayed in Fig. 1, is equally an-
isotropic for all values of €/€*, since it is essentially a delta
function, selecting a particular value of the scattering angle.
In particular, it does not approach isotropic scattering as
£/€* — 1. However, the data we obtained with it show similar
trends to that which we obtained using the scattering function
of Ref. 1 or the Henyey-Greenstein function.)

Second, the variation of b/a with €/€* is somewhat ob-
scured if [T'(6)]/cos is plotted as a function of cosf as in
Ref. 3. If the simulation data used to produce Fig. 1 are re-
plotted in this way the result is similar to the case R=0 in
Fig. 5 of Ref. 3. We have used these simulation data to cal-
culate b/a in two different ways for each of five different
values of €/€*:
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Fig. 1 The variation of b/a with €/¢* from simulations using the scat-
tering function of Ref. 3, with a fixed step-length (@) and the step-
length distribution of Ref. 3 (¢). The points (0) and (X) refer to
isotropic scattering in the case of a fixed and distributed step length,
respectively.

Table 1 Simulation data.

¢/¢* | b/a, linear fit | b/a, quadratic fit
1.0 | 1.42+0.04 1.48 £ 0.07
03 [1.96+0.06 |1.93+0.08
0.1 |294+0.15 2.15%£0.10
0.03 | 3.02£0.15 1.95 + 0.08
0.01 | 3.37+0.18 2.18 £0.10

1. by finding the best linear fit to [7(8)]/cos@ as a function
of cosf

2. by finding the best quadratic fit to 7'(8) as a function
of cos9.

The results are given in Table 1, and an example of the two
fits, for €/€* = 0.1, is shown in Fig. 2. It is clear that method
1 gives a poorer fit to the data, probably due to magnification
of small errors introduced by dividing the intensity 7'(6) by
cosO for cosf close to zero. Even the linear fit, however,
shows a definite increase of b/a as €/€* decreases.

In conclusion, we believe that b/a does depend on the
degree of anisotropy of the local scattering, although the
variation is not large, particularly in the case of an exponen-
tially distributed step-length. Clearly, reflection at the con-
tainer walls affects experimental measurements of the angular
distribution of the transmitted light, but our investigations'
concentrated on first establishing the effects associated with
the intrinsic structure of the foam, since it is important to be
able to distinguish between these and effects due to reflection.
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Fig. 2 Fits to Eq. (1) for the simulation data using the step-length
distribution and the scattering function of Ref. 3, with €/¢*=0.1.
(a) The best linear fit to [ T(cos6))/cosd and (b) the best quadratic fit
to T(cosb).
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