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Abstract. We extend the theory of beam wander for propagation through
atmospheric turbulence to the case of a focused partially coherent beam
(PCB). In addition to investigating the beam wander expression, we
restate expressions for the beam size, long- and short-time average
beam intensity profile, and the on-axis scintillation index of tracked and
untracked beams. A wave optics simulation is implemented and the
numerical results are compared with corresponding analytic results.
The cases examined involve turbulence strengths ranging from C2

n ¼
10−16 to 10−14 m−2∕3 and for various horizontal paths ranging from 1 to
10 km. Although the extended analytic theory stems from a study of coher-
ent beams, the simulation results show good agreement with the analytical
results for PCBs in fluctuation regimes ranging from weak to intermediate.
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1 Introduction
Beam wander refers to the gross displacement of an optical
beam intensity pattern relative to the pattern for an ideal
(vacuum) propagation. Beam wander behavior and related
attributes, such as root mean square (RMS) centroid and
scintillation index, are important performance indicators of
optical beams propagating through turbulence.1–3 These
beam characteristics have been studied extensively by
many researchers over the last five decades through different
approaches and for a variety of beam types.4–8 The beam
wander of a single ray was examined by Beckmann and
Chernov using a geometrical optics (GO) approximation.4,9

An expression for the wander of a Gaussian beam was
first developed using a Huygens–Fresnel approach,5 and
later was derived by applying a Markovian random process
approximation and Ehrenfest’s theorem from quantum
mechanics.10,11 Eyyuboglu, Cil, and Baykal evaluated the
beam wander behavior for several different beam types
such as dark-hollow, flat-topped, annular, cos, and cosh-
Gaussian beams.12,13 Beam wander effects for a spatially
PCB were investigated by Berman et al., who introduced
a photon distribution function method.14 To the best of
our understanding, the effect of an average phase curvature
applied to the PCB, for example “focus,” was not included in
the study.

Recently, Andrews and Phillips developed expressions for
the beam wander of a focused coherent Gaussian beam in a
weak fluctuation turbulence regime by applying Rytov the-
ory.15 Subsequently, Recolons et al. compared the theoretical
models with simulations, and satisfactory agreement was
observed.16 In terms of free space optical (FSO) applications,
a convergent PCB or a PCB with some other specified wave-
front curvature can greatly improve link performance.17

However, a convergent beam can still have a significant wan-
der component. This brings us to the question: How does a
focused PCB wander when propagating through turbulence?

In this paper, we extend the beam wander theory of
Andrews and Phillips to include the focused PCB case.
We examine the beam wander (RMS beam centroid) beha-
vior and, in addition, investigate the beam size, the scintilla-
tion index, and the mean intensity patterns for both tracked
and untracked beams. For validation purposes, a numerical
wave optics simulation (WOS) is implemented to create
focused PCBs and model their propagation through turbu-
lence. Results are presented and compared with the analytic
models for scenarios with turbulence strength varying from
weak to strong and propagation distances ranging from 1
to 10 km.

2 Beam Wander Theory

2.1 Beam Wander Variance

Beam wander can be characterized by the transverse move-
ment rc of the “hot spot” within the beam profile. The gen-
eral expression of the beam wander variance, hr2ci, was
modeled by Andrews and Phillips as:15

hr2ci ¼ 4π2k2W2ðZÞ
Z

Z

0

Z
∞

0

κΦnðκÞHLSðκ; zÞ

× ½1 − e−ΛPZκ2ð1−z∕ZÞ2∕k�dκdz; (1)

where κ is the spatial wave number, k is the optical wave
number defined by k ¼ 2π∕λ and λ is the wavelength. Z
is the propagation distance from the transmitter to the recei-
ver, and z is a distance variable that ranges from 0 to Z. The
parameter ΛP is defined and discussed below. HLSðκ; zÞ is a
filter function that selects the low spatial frequencies in the0091-3286/2012/$25.00 © 2012 SPIE
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turbulence power spectrum ΦnðκÞ that correspond to large
spatial scales. In our work the filter function was applied
in the same manner for all turbulence regimes, weak through
strong. The filter function can be expressed as

HLSðκ; zÞ ¼ exp½−κ2W2ðzÞ�; (2)

where WðzÞ is the free space beam radius (or beam size) at
distance z. For a focused PCB with an initial beam sizeW0, a
phase-front curvature F and coherence length lc, we have

18,19

WðzÞ ¼ W0

��
1 −

z
F

�
2

þ
�
1þ 2W2

0

l2c

��
2z
kW2

0

�
2
�
1∕2

. (3)

The coherence length lc is a measure of the transverse spatial
correlation of the beam source field. When lc is on the order
of W0, the effect on the beam size can be significant. lc is
infinite for a perfectly coherent beam.

Returning to Eq. (1), we now define the nondimensional
output beam parameter ΛP of a PCB, and it can be written as

ΛP ¼ 2Z
kW2ðZÞ : (4)

Typically,ΦnðκÞ in Eq. (1) is assumed to be the Kolmogorov
spectrum, which is defined as

ΦnðκÞ ¼ 0.033C2
nκ

−11∕3; (5)

where C2
n is the refractive index structure parameter and is

assumed to be constant for horizontal propagation. Apply
the geometrical optics (GO) approximation and the last
term in Eq. (1) becomes:

1 − e−ΛPZκ2ð1−z∕ZÞ2∕k ≈
ΛPZκ2ð1 − z∕ZÞ2

k
;

if
ΛPZκ2

k
≪ 1: (6)

Inserting Eq. (6) into Eq. (1) and calculating the integrations,
we obtain the beam wander variance:15

hr2ci ¼ 7.25C2
nZ3W−1∕3

0

Z
Z

0

�
1 −

z
Z

�
2

GPðzÞ−1∕6dz; (7)

where GPðzÞ is a function defined for the focused PCB beam
as

GPðzÞ ¼ ½WðzÞ∕W0�2: (8)

For coherent beams, the second term in the bracket of the
definition for WðzÞ [Eq. (3)] is typically negligible and is
often dropped to simplify the calculation of GPðzÞ15. For
PCBs, this term could be significant and cannot be ignored.
A closed-form analytic solution of Eq. (7) with Eq. (8)
included is attainable and involves a hypergeometric func-
tion that is typically evaluated numerically. For the results
in this paper, we bypass this step and simply evaluate
Eq. (7) directly using numerical integration.

2.2 Mean Intensity Profiles

Consider a beam with the field Uðr; zÞ, where r is the trans-
verse distance from the beam center in the plane
perpendicular to the propagation direction. For a unit-
amplitude field at the source plane (z ¼ 0), we have:

Uðr; 0Þ ¼ exp

�
−

r2

W2
0

− i
kr2

2F

�
exp½iξðr; 0Þ�; (9)

where ξðr; 0Þ is the random phase function to characterize
the partially coherent beam at the beam source (z ¼ 0)
with parameter lc. As the beam propagates through turbu-
lence, assuming the average intensity profile at the receiver
is Gaussian,20,21 the only free parameter that governs the
beam profile is the receiving beam size/radius. Following
Fante, who considered long-time (LT) and short-time (ST)
averages, which correspond to untracked and tracked
beams, respectively, the respective beam size values,
WLTðZÞ and WSTðzÞ, are related by:6

WST
2ðZÞ ¼ WLT

2ðZÞ − hr2ci; (10)

where hr2ci is the beam wander variance. Expressions for
WLTðZÞ have been developed in several recent publications.
We compared expressions presented by Andrews and Phil-
lips, Ricklin and Davidson, and Korotkova et al. for the LT
average beam size and irradiance distribution, and found that
for a coherent Gaussian beam propagated over a relatively
short distance and/or through weak turbulence, the theories
from these authors15,22,23 are almost identical and are consis-
tent with our wave optics simulation results. However, for
propagation through stronger turbulence, the theory put for-
ward by Ricklin and Davidson provides a better fit to our
simulation results. This expression for the LT average
beam size is given by:22

WLTðZÞ¼W0

��
1−

Z
F

�
2

þ
�
1þ2W2

0

l2c
þ2W2

0

ρ20

��
2Z

kW2
0

�
2
�
1∕2

;

(11)

where ρ0 is defined as the coherence length of a spherical
wave propagating in turbulence and is given by

ρ0 ¼ ð0.55C2
nk2ZÞ−3∕5: (12)

Consequently, the mean intensity profiles of the LT and ST
beams at the receiver, ILTðr; ZÞ, and ISTðr; zÞ, can be written
as:15,22

ILTðr; ZÞ ¼
W2

0

WLT
2ðZÞ exp

�
−

2r2

WLT
2ðZÞ

�
; (13)

and

ISTðr; ZÞ ¼
W2

0

WST
2ðZÞ exp

�
−

2r2

WST
2ðZÞ

�
: (14)

2.3 Scintillation Theory (On-Axis)

To be consistent with previous work on scintillation, we use
the terms “tracked” for ST average results and “untracked”
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for LT average results in this section. The derivations of the
on-axis scintillation indices of tracked and untracked coher-
ent beams have been thoroughly discussed in several papers
listed in Refs. 8 and 15. Corresponding analytical expres-
sions for a focused PCB beam are found by incorporating
the PCB beam size formulation. For a tracked beam, the
on-axis scintillation index in weak turbulence is given by

σ2I;tr;weakðZÞ ¼ 3.86σ2R

�
0.4½ð1þ 2ΘPÞ2 þ 4Λ2

P�5∕12

× cos

�
5

6
tan−1

�
1þ 2ΘP

2ΛP

��
−
11

16
Λ5∕6
P

�
; (15)

where ΘP is a nondimensional PCB output beam parameter
given by

ΘP ¼ 1 − Z
F�

1 − Z
F

�
2 þ

�
2Z
kW2

0

�
2
�
1þ 2W2

0

l2c

� ; (16)

and σR
2 is the Rytov variance given by

σ2R ¼ 1.23C2
nk7∕6Z11∕6: (17)

For an untracked beam, the on-axis scintillation index is

σ2I;un;weakðZÞ ¼ 4.42σ2RΛ
5∕6
P

σ2pe
W2ðZÞ þ σ2I;trðZÞ; (18)

where σpe2 is the jitter-induced pointing error variance. For a
focused PCB beam

σpe
2 ¼ 7.25C2

nZ3W−1∕3
0
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Z
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Z
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2
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1

GPðzÞ
�
1∕6

−
�

K2
rW2

0

1þ K2
rW2

0GPðzÞ
�
1∕6�

dz; (19)

where

Kr ¼
2π

2.1ρ0
: (20)

Equations (15) and (18) are restricted to weak turbulence.
Under intermediate to strong turbulence, we follow the the-
ory developed by Andrews and Phillips,15 which yields the
general expression for the scintillation index for a tracked
beam

σ2I;trðZÞ ¼ exp

�
0.49σ2I;tr;weakðZÞ

½1þ 0.56ð1þ ΘPÞσ12∕5I;tr;weakðZÞ�7∕6

þ 0.51σ2I;tr;weakðZÞ
½1þ 0.69σ12∕5I;tr;weakðZÞ�5∕6

�
− 1; (21)

and for an untracked beam

σ2I;unðZÞ ¼ 4.42σ2R

�
2Z
k

�
5∕6 σ2Pe

W11∕3
LT ðZÞ

þ σ2I;trðZÞ: (22)

3 Wave Optics Simulations
Comparison of analytic values with numerical WOS results
helps validate both the theory and simulation modeling
approaches. In addition, the numerical approach can help
verify that the GO approximation used in the analytic result
is acceptable. The WOS approach has been discussed in
detail in various publications.24–26 For a focused PCB simu-
lation we follow the approach developed for a collimated
PCB but with a phase curvature term applied at the source
plane.27–29 Specifically, the implementation procedure can be
described as follows: (1) generate a random phase screen
with appropriate spatial coherence length lc;

29 (2) apply
the phase screen to a coherent beam in the source plane;
(3) numerically “propagate” the beam to the observation
plane28 through a separate set of phase screens that model
atmospheric turbulence and compute the intensity; and
(4) repeat steps 1 to 3 NPS times, each time with a different
realization of the spatial coherence screen (but without chan-
ging the turbulence screen realizations) and average the
intensity at the observation plane. The average intensity is
the PCB result. We typically limit NPS to 30 to reduce com-
putation time.

Atmospheric turbulence is simulated with a split-step
approach involving a series of random screens evenly spaced
along the propagation path.30 Our turbulence screens assume
a Kolmogorov spectrum. The number of turbulence screens
(NTS) used for a particular scenario is determined following
the criteria described in Ref. 24. For each data point
presented, 500 propagations are simulated through differ-
ent realizations of turbulence, which means a total of NPS ×
NTS ¼ 30 × 500 ¼ 15; 000 propagations are required for
each point. Both LT (untracked) and ST (tracked) cases
are investigated. For ST (tracked) results, the beam centroid
for each of the 500 turbulence realizations is found
and each intensity pattern is translated to the center of
the numerical grid before the measures are computed. The
WOS program codes were implemented in the MATLAB
environment.

The link parameters for results presented in this paper are
listed in Table 1. The analysis and simulations can be applied
to wide range of parameters, but the choices here are char-
acteristic of moderate-length terrestrial links (1 to 10 km) in
weak (σ2R < 1) to strong (σ2R > 1) intensity fluctuation
regimes. The phase curvature parameter F is set equal to
the propagation distance Z so the effect of focus over a
range of distances can be investigated. PCB coherence
lengths of 2 and 5 cm are typical of values that provide
near-optimal link performance in applications like FSO
communications.17

Table 1 WOS simulation parameters for link scenarios
studied in this paper.

Scenario parameters C2
n σ2R NTS

W 0 ¼ 5 cm, λ ¼ 1 μm,
Z ¼ 1 to 10 km, F ¼ Z ,
l c ¼ 2 or 5 cm

10−16 m−2∕3 0.003 to 0.23 2

10−15 m−2∕3 0.03 to 2.3 2 to 6

10−14 m−2∕3 0.3 to 22.7 2 to 20
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Limiting the number of PCB phase screens (NPS ¼ 30)
when performing the turbulence simulations saves computa-
tion time but introduces additional fluctuations in the results,
especially when lc is relatively small. To compensate for this
effect, we simulate propagation through vacuum and calcu-
late the beam wander variance hr2ciV and scintillation index
σ2c;V that are purely caused by the limited number of PCB
screens. To illustrate the magnitude of these errors, Fig. 1
presents vacuum results for lc ¼ 2 and 5 cm. The false
beam wander variance increases roughly in a linear fashion
with propagation distance but the false scintillation index for
both tracked and untracked beams tends to be independent of
Z. The values are larger for the shorter coherence length. In
the next section we define how corrections are implemented
to compensate for the effects of using a limited number of
PCB screens.

4 Analytic and WOS Results
In this section we present examples of analytic and WOS
beam size, beam wander, and scintillation index results.
However, a few example irradiance profiles are first pre-
sented to illustrate the characteristics of an average PCB pro-
pagated through turbulence. Figure 2 shows analytic tracked
(ST) and untracked (LT) profiles created with Eqs. (13) and
(14) and corresponding WOS results. In general, the profiles

are Gaussian in shape and the tracked beams have higher
peak intensities than the untracked beams. These examples
also illustrate the close match between the analytic and WOS
results. We reiterate that all the results in this section assume
the beam is being focused for the indicated propagation
distance.

4.1 Beam Size

The analytic expressions for LT and ST average beam sizes
are given in Eqs. (10) and (11). For the WOS results, the
first step in finding the LT beam size is averaging the
two-dimensional intensity profiles produced by the 500 tur-
bulence realizations and measuring the e−2 irradiance radius.
This gives an initial estimate of the beam size WLT;S;0. The
beam size corrected for effects of a limited number of PCB
screens is given by

WLT;S ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W2

LT;S;0 − hr2ciV
q

. (23)

The false beam wander value hr2ciV in Eq. (23) is the RMS
beam centroid variance calculated from a set of vacuum pro-
pagations performed with the identical PCB screens used in
the turbulence propagations. On the other hand, the ST beam
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Fig. 1 False beam wander variance hr c2iV (a) and (c) and false on-axis intensity variance σ2I;V (b) and (d) induced by the PCBWOS approach. The
coherence length is l c ¼ 2 cm (a) and (b) and 5 cm (c) and (d). Tracked (▪) and untracked (★) beam results are shown. Other link parameters are
listed in Table 1.
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size, WST;S is found by first translating each beam in the tur-
bulence propagation set so the centroid is in the center of the
numerical grid. The beam irradiance patterns are averaged
and the e−2 irradiance radius is found. Any additional cen-
troid motion due to the limited number of PCB screens is

also removed in the processing, so no correction is applied
to the WST;S values.

Analytic andWOS beam size results are presented in Fig. 3.
As expected, the beam size increases with propagation/focus
distance, stronger turbulence, and smaller coherence length.
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n ¼ 10−15 m−2∕3 and (a) l c ¼ 5 cm, Z ¼ 2.5 km; (b) l c ¼ 2 cm,

Z ¼ 9 km. Markers denote WOS results and lines denote analytical results. F ¼ Z and other link parameters are as listed in Table 1.
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Fig. 3 Tracked (left) and untracked (right) beam size results as a function of Z for l c ¼ 2 cm (top) and 5 cm (bottom). Analytic results are solid lines
and WOS results are indicated with markers. Turbulence strength: C2

n ¼ 10−14 m−2∕3 (★), 10−15 m−2∕3 (▪), and 10−16 m−2∕3 (•). F ¼ Z and other
link parameters are given in Table 1.
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The analytic and WOS results are consistent in all cases for
the turbulence strengths of C2

n ¼ 10−16 and 10−15 m−2∕3.
For the stronger turbulence case of C2

n ¼ 10−14 m−2∕3

and with the tracked beam, the analytic prediction has
somewhat higher values than the WOS results.

4.2 Beam Wander

The analytic beam wander result is given in Eq. (7). The
corrected WOS result hr2ciS is obtained via

hr2ciS ¼ W2
LT;S −W2

ST;S. (24)
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Figure 4 shows comparisons of the analytical and WOS
results. The wander increases with propagation/focus dis-
tance and also with turbulence strength. Dependence on
the coherence length lc is weak for the cases presented.
The analytic and WOS results are generally consistent,
although the WOS tends to produce slightly larger beam
wander values. This trend is most obvious in the strong
turbulence case (C2

n ¼ 10−14 m−2∕3) at longer propagation/
focus distances.

4.3 Scintillation Index

The analytic scintillation index expressions (on-axis)
for tracked and untracked beams are given in Eqs. (21)
and (22). For the WOS, the scintillation index is found by
computing the normalized variance of the irradiance at the
center of numerical grid (optical axis) for the 500 turbulence
realizations. Again, the tracked results include the translation
of the beam to remove the centroid wander. To compensate
for the effects of the finite number of PCB phase screens, the
following is used:23

σ2I;S ¼
σ2I;S;0 − σ2I;V
1þ σ2;I;V

; (25)

where σ2I;S;0 is the initial scintillation index computed from
the WOS results, σ2I;V is the false index computed for vacuum
propagations with only the PCB phase screens applied, and
σ2I;S is the corrected scintillation index.

Figure 5 presents the scintillation results. In general, the
index values increase with distance and turbulence strength.
The WOS values generally follow the analytic results,
although there is clearly more scatter in the WOS points
for the lc ¼ 2 cm cases. This is likely due to imperfect cor-
rection for the limited number of PCB screens. Saturation of
the index value is evident at longer distances for the stronger
turbulence cases. We note that for increasing distance
beyond that shown in Fig. 5, and therefore increasing
Rytov variances, the focused PCB index values appear to
peak and then reduce to a saturation value in a way that
is similar to results for coherent beams.31 We expect the
saturation regime for a PCB to occur at larger Rytov var-
iances than for a comparable coherent beam.18 However,
further study of this regime would likely require: (1) inclu-
sion of a finite inner scale in the turbulence spectrum, as the
scintillation index is highly sensitive to the inner scale; and
(2) the exploration of WOS approaches that accurately model
the strong fluctuation regime, likely involving high densities
of grid points and turbulent screens.

5 Conclusion
The extension of coherent beam wander theory to the case of
a focused PCB essentially involves the substitution of the
beam waist expression that includes the PCB parameters.
Comparison of the resulting analytic expressions for beam
size, beam wander, and on axis-scintillation index with
WOS results indicates that the GO approximation used in
the coherent theory appears reasonable for the PCB theory,
at least for most of the link values we studied. The WOS
results required corrections for errors caused by the use of
a limited number of PCB phase screens. Differences between
the analytic and WOS results were primarily seen in stronger
turbulence situations. The differences could be due to the use

of the Rytov approximation in the analytic derivations but
also to numerical issues in the WOS—for example, incom-
plete correction of the error due to the limited number of
PCB screens.
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