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ABSTRACT

The solution of the boundary value problem of electromagnetic wave transmission through an anisotropic layered
structure placed in a rectangular waveguide is presented. The main axes of the crystallographic system of the layers are
oriented parallel to the edges of the waveguide. For transmission through a single slab, the resulting scattering matrix
elements S;; and S,; are transformed to the form known from the Nicolson-Ross-Weir model. This gives the possibility
of using this model to retrieve complex material parameters (components of the permittivity and permeability tensors).
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1. INTRODUCTION

Recent trends in left-handed metamaterials (LHM) have led to a renewed interest on retrieving their effective
permittivity ¢ and permeability 1. Much of the LHMs realized so far are assumed to be biaxially anisotropic. Other
important classes of man-made materials such as carbon-fiber reinforced plastics (CFRP) are characterized by uniaxial
anisotropy”.

One of the most important methods for determining complex material parameters is the Nicolson-Ross-Weir (NRW)
method. In 1970, Nicolson and Ross® gave the formulas for extraction of the complex permittivity and the permeability
of an isotropic sample from measurements of the scattering matrix elements S;; and S,;. The material under test (MUT)
was placed in a coaxial transverse electromagnetic (TEM) waves transmission line (TL). In 1974, Weir' obtained
analogous relations for the MUT placed in a rectangular waveguide. In both works the field reflection coefficient I" at the
interface of two half-spaces and the propagation coefficient P were used. They can be expressed by the above mentioned
e and u.

If the sample is a solid, it is enough to consider the problem of the propagation through the slab. At least two additional
layers should be considered for loose materials (e.g. synthetic granulates or grain seeds) and liquids. For this reason, the
propagation in layered structure was considered.

The problem of propagation of electromagnetic (EM) waves in an anisotropic layered structure placed in the waveguide
is not new or even unresolved for simple configurations. Its solution is more arduous than difficult and occurs
fragmentarily in many publications. The key work seems to be article by Damaskos et al.*°, describing the problem of
propagation through the biaxially anisotropic slab placed in an empty rectangular waveguide. This work is surprisingly
little cited in the scientific literature.

An extraction of the material parameters from scattering matrix elements S;; and S; is called the inverse problem, while
obtaining Sj; and S,; from ¢ and x is a simple problem. The purpose of this work is to present the solution of the latter for
the anisotropic material.

In our work we first derived from basics relations described transverse electric (TE) and transverse magnetic (TM)
waves propagating in a rectangular waveguide filled with an anisotropic medium. Field theory methods were used'.
Although this derivation is not new, it highlights the analogy and differences with propagation in an empty waveguide.
Second, we discuss the transmission matrix method in anisotropic layered media highlighting the mutual relationships
between the field theory and the circuit theory. It is usually not shown in elementary textbooks''™'*. Third, we present
scattering matrix elements S;; and S,; at the form known from the Nicolson-Ross-Weir model.
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2. DESCRIPTION OF THE CONFIGURATION

Consider a medium consisting of ¢ + 2 layers placed inside a rectangular waveguide with cross-sectional dimensions a

and b. The boundaries of the layers are perpendicular to the waveguide z-axis and marked as d,, /=0, 1, ..., t (Fig. 1).
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Figure 1. A layered medium placed in a rectangular waveguide with cross-sectional dimensions a and b

Layers marked as 0 and ¢ + 1 have vacuum parameters. In each layer we are looking for a solution in the form of
monochromatic waves propagating along the z-axis

EO(x,y,2,0) =[RE;) (x, p, ) + VEG) (x, y, @) + ZEg] (x, y, @) exp[ j(@t F k' 2)] )

H"(x,y,2,t) = [RH" (x, y,0) + YH) (x, y, @) + ZH ") (x, y, 0)]exp[ j(wt T k'"z)] )

v

where E” and H” denotes the electric and magnetic field intensity respectively. The upper sign (minus) corresponds to
the wave running in the positive and the lower sign (plus) in the negative direction of this axis. To simplify the notation,
in further considerations we will skip the arguments of the function, remembering the exp(+jw?) time dependence of all
fields.

Each layer has biaxial anisotropy with principal axes parallel to the axes of the Cartesian system. In this case the
magnetic flux density B and the electric flux density D" are described by the constitutive relations

B = ynH" 3)
D = eV EY @)

and the matrices of relative permeability and magnetic permittivity tensors £ and p for each layer are diagonal

&l 0 0 M 00
[£”1=] 0 &) 0| [ml= 0 u) O )
0 0 & 0 0w

If two of the three parameters are the same, the medium is uniaxially anisotropic. The another parameter can be
anywhere, e.g.

&) 0 0 I
[€°1=| 0 & 0| m“1=[ 0 4’ o0 (©)
0 0 & 0 0

At this case the optic axis is along the z axis. Maxwell’s equations in each layer are
VxEY = —joun"H" (7
VxH" = joe,g"EY (®)

We assume that the waveguide walls are made of a perfect electric conductor (PEC), then the boundary conditions on the
inner surface of the waveguide § mean vanishing the normal component of B and the tangential components of E?.
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At the interface z = d; between the medium / and / + 1, the boundary conditions mean the continuity of the normal
component of flux densities B” and D and the continuity of the tangential components of field intensities E" and H".

Substituting the assumed form of the solution (1) and (2) into Maxwell’s equations, it can be shown that the longitudinal
components of the fields satisfy the coupled system of equations. Decoupling of E, from H,, occurs in two particular
cases (see Appendix A). In the first case TE,,, i TE,, modes can exist in the layered structure with biaxial material with
£” and p® given by (5). In the second case the TE,,, modes (including TE,, and TE,,) and TM,,, modes can propagate
for specific configuration of material parameters. The latter case includes a particular form of an uniaxial anisotropy (so-
called transverse isotropy) determined by (6). Wave modes result from the substitution of general solutions of decoupled
wave equations into boundary conditions on the surface S (see Appendix B).

Our goal is to find elements S,; and S;; of the scattering matrix for the EM wave propagating from the left through the
layer system.

3. SCATTERING MATRIX ELEMENTS FOR LAYERED STRUCTURE

Let’s focus on the TE,,, mode transmission through a system of layers with uniaxial anisotropy defined by (6) located in
the waveguide. The field in a medium / is the sum of waves running in the positive and negative direction of the z axis
(see Appendix 2):

H" = A"H explj(at —k"z)]+ B HL" expl (et +k"z)]

E" = AVE) explj(wt —k"z)]+ BV Ey) expl j(wt + k"'z)] ©9)
1 , .
H = Z_é’é[ AVES) expli(et—kz)]- BVE expl (et + kV2)]] (10)
E;’) = A”)Eéfv) exp[j(wt — k“)z)] + B(”Eé;_) exp[ j(wt + k”)z)]

H" =——=[ AVEy) explj(wt —k"2)]- BV E})) explj(ot +k2)] |

H{" =cos (m_rr xjcos (ﬂ y}
a b

: ()
Eéi) = %ﬂcos m_Tcx sin (Ey
: k b a b

mn

where

3 ()
Eéi) = _%m_ﬂ: Sin(m_ﬂ:xj cos (%y}
a
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Boundary conditions at the interface z = d, require continuity of the normal component of flux densities and the
tangential components of field intensities. Relations between the amplitudes A" and B can be obtained by using
boundary conditions continuity of fields E, and H, only:

EV(z=d)=E""(z=d,), H_f,“(z =d)= H;’*”(z =d,) (11)

It may be shown that other three equations are not independent. Substituting (9) and (10) to (11) we get

()
e 40 exp(-ikVd,)+ BV expljkd,)] = AU exp(~jk"Vd,) + B exp[ jk"Vd,)] (12)

(I+1)

2z

(I1+1) ()
ZTE luzz
() (1+1)
Zrg M

[ 47 exp(—jk"d,)— BV exp(ik"d)) | =[ A" exp(~jk"*"d)) - B exp(jk""d,) | (13)

The above system of equations can be written in the matrix form (see Appendix C)

A(Hl) ~ ejk“H)dl 0 e efjku)d[ O A(l)
a+y | g W +Da ) (14)
B 0 e / 0 4 || B

where
WD - 7 1+ 2z 1 ztH=D 1
= 4 9 1= 7440 | L 7D (15)
and
Z(1,1+]) — er-lEH)
I
Zy

An Eq. (15), described the matrix W*"", is a generalization of the Eq. (12) presented in the Rulf"> paper. That work
concerned with the isotropic medium.

Let’s write the following expressions based on (14)

AV b 0 WO e 0 A® 16
|~ ) () (0) (16)
B 0 e 0 e || B

A(z) ~ ejk(Z)dl 0 (1’2) efjk(l)dl O A(l)

o |~ (2) W e ) (17)
B 0 et 0 4| B
A® ~ PRI 0 o e KV 0 e

3| e W e 2 (18)
B 0 e 0 et B

Substituting (16) to (17) we obtain

AT [ 0 ) o (d=dy) 0 o o Ky 0 4O
B® - -k, w k™ (dy~dy) w ik©g (0) (19)
0 e 1 0 eJ 1=4 0 eJ 0 B
and finally

ik, ] — ik (dy~dy) — ik (dy~dy ) —jk©q,
AV _|¢ 0 W e’ 0 Wi e’ 0 WD e 0 [ 49
B(3) 0 e*jk(z)dz 0 ejk(z)(dz*dl) 0 ejk“)(dlfdo) O ejk((’)d(, B(O)
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Let’s denote Ay = dj and the widths of particular layers as 4,

h=d—-d . 1=1,.,t

_ig
P(,) e A 0
h ik,
0 eJ 1

For a structure composed of ¢ + 2 layers (see Fig. 1) we obtain
4D ek, 0 4O
|: (¢+1) = k(D g W 0) (20)
B 0 et B

W :ﬁw(l,l+l)P(I) (21)

1=0

One can then define

where

To obtain the S,; and §j; scattering matrix elements, one must find the relations of the amplitudes A" and BV with the
notation 4,4, and B, used in the theory of TL for the same reference plane z = d,. The amplitudes 4, and B at point z =0
on a uniform TL are related to the amplitudes 4,.,; and B, at point z = d, on the same line (see e.g. Rulf®, Eq. (13))

4] [ 0 4,
B, 0 eijk(o}d‘ B,

If d, = 0, then A9 = Ap and B = By. Then d, is the sum of the widths of all the layers. Hence

A S 0 A,
{ <r+1>}: oy 1 (22)
B 0 e’ ! BH—]
At+l — W AO
Bz+l B()

The scattering matrix elements S,; and Sy, satisfy following relationships

B, =8,4), 4., =54,

If the wave is incident from the left, then B, = 0. We obtain

HaM

W= [Wu le)
Wy Wn

we get the scattering matrix elements S,; and Sy, of the layer system:

The expression (20) can then be written as

Next, if we denote elements of the W matrix as

S = WiiWa =~ WipWyy |W| S =
21 = - > n--

W, Wa, Wy

(23)
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4. AN EXAMPLE: SCATTERING MATRIX ELEMENTS OF A SINGLE SLAB

As an example, we examine the transmission through a single slab placed in an empty waveguide. We shall find
a relation between the amplitudes on the two sides of an interface, first. We may assume without loss of generality that
there is an interface z = dy = 0 between layer 0 (to the left) and 1 (to the right). Then

4D _wo 4O
B - B

on #0142 1-7Z0Y o
S0 2[1-2 14200 -

Assuming that in the area 1 there is no wave returning from infinity, then B = 0. We define the reflection coefficient I
and the transmission coefficient T at the interface as (see e.g. Balanis'?, p. 181):
BO —T4© 40— 74©®

After some manipulations we obtain

Z00 1
Tz (23)
(0)
T=(0+T)= (26)

)

zz

We will consider transmission through layer 1 assuming that media denoted by 0 and 2 have vacuum parameters. In
addition, for simplicity we denote d| = d. From (19), formally

4D ~ ik 0 Wi o K 0 WD 4O
B® - 0 _ikd «Dd B©
€ 0 e” ]

Taking into account that A® = £ and W"? = W) then the above formula takes the form

AV [0 | a0
@ |~ T A S
B 0 e B

or using (22)

The matrix W can be rewritten as

W= W(I’O) |:P 0 W(Ovl)
0 p!

where the letter P indicates propagation factor’
P= exp(—jk“)d)

After some manipulations matrices W' and W®" can be expressed by the reflection coefficient at the interface I

W“‘O):ﬁl L r W<o,1>:,u.g)) 1 I -T
dO 1+ T 1) u1-T - 1
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Finally W takes the form

1 P -T* T( —Pz)} @

C(I-THP|-r1-P>) 1-T°P
It can be shown that W is an unimodular matrix (see e.g. Born and Wol]”, p. 60). This means that the determinant of the

matrix is equal to unity.

Repeating the arguments cited above B, = 0, By = 5114y and 4, = S514,. From (23)

or

PU-I") o _T(-P)

2T Tppr . n T pp (28)

The form (28) of obtained scattering matrix elements S, and Sj; of the layer with uniaxial anisotropy is consistent with
the initial formulas of the NRW method® ” of the isotropic layer, derived using the method of graphs.

5. REMARKS ON OTHER CONSIDERED WAVE MODES

It is not difficult to notice that equations (28) are also valid for other considered cases. In the expression for P, should be
substituted the appropriate wave number 4" and in the formula for ' — the corresponding impedance quotient 700,
These parameters are summarized in the Table 1 and the Table 2. Material parameters affecting on EM wave propagation

are given in brackets in the table head.

Table 1. Parameters I" and P of the TE,,, and TM,,,, modes propagation through an uniaxially anisotropic slab

TE,,, modes; TM,,, modes;
parameter set (8xxs Hoxxs ,uzz) parameter set (‘Sxxy Hoxxs 822)
Z(OJ) -1
Tz 41
1) (1)
Z(O 1) — ZTE Z(O 1) — ZTM
Z(O) Z(O)
TE ™
(1)
/LIXX
0] () 2
Z;IE) :n# Z(/) =7 My 1— k
- kz ™ 8(1) ,u(l) () k2
(/) ) 2
XX ILIZZ k
P =exp(—-jk"d
=exp(—jkd)
2
a _ ) (1) W _ M) () Ko
k= ko o 6 (|1 = (1) ) kz ko =koien 1 -—5 (1) g0 k2
ILIZZ XX ZZ
mY (nY
k,, =m —| +|—
a b
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Table 2. Parameters I" and P of the TE,,, and TE, modes propagation through a biaxially anisotropic slab

TE,,, modes TE,, modes
parameter set (&,y, Ly, Hz:) parameter set (&xy, Ly, Hz:)
~ 7O _
ZY 41
[©) (1)
7O _ Z, 7O _ Z()n
(0) (0)
ZmO ZOn
) 0)
ﬂx’f ILI
- Yy
e &0
o) _ » ) _ xx
ZmO 77 5 ZOn - 77 >
- 1 km0 k,
L) () 72 DD 2
&y b Ky el K,
P =exp(—jk"d)
kZ
O = k, 11— mO kO =k, JuDe® Kn
xx » (1) (1) 2 0 yy Cxx OO
Ky el
mn nm
kmO = kOn =
a b

6. CONCLUSION

We have derived a formalism and presented a solution of the boundary value problem of EM waves transmission
through an anisotropic layered structure placed in a rectangular waveguide. The main axes of the crystallographic system
and the Cartesian system were oriented parallel to the waveguide edges. Hybrid modes as well as TE and TM may exist
in this configuration, with TM waves only for an uniaxial anisotropy of a special form (so-called transverse isotropy).
For the most general biaxial anisotropy, only TE,, and TE,, waves can exist®.

The TE,,, mode transmission through a system of uniaxially anisotropic layers was considered in detail. We found the
elements S,; and S;, of the scattering matrix for the EM wave propagating from the left. The resulting matrix W (see Eq.
(21)), derived in this paper, plays a crucial role in determining S,; and S};. As a matter of fact, the form of matrix W is
the same as reported by other authors for the isotropic'' and electrically anisotropic’ media. The novelty is obtaining new
relations for wave impedances and wave numbers assigned to the individual layers. For other cases, considered in the
Appendices A and B, these relationships are shown in Table 1 and 2. Appropriate parameters for isotropic media, known
from the circuits theory'', should be replaced by these expressions.

In the important case of transmission through a single slab, the solutions in the form of the S;; and S,; elements of the
scattering matrix are obtained and presented in the same form as in the NRW method®”. This enables their direct
application for the extraction of complex components of permittivity and permeability tensors.

In the general case it is possible to determine as many material parameters as many independent measurement results (in
general, complex) we have. For the isotropy, the complex parameters S,; and S}, correspond to the complex permittivity
¢ and permeability u. It is possible to extract both materials parameters using the scattering matrix elements by the only
measurement in a specific configuration. In the case of anisotropy, it is clear that an additional one (see Table 1) or two
(see Table 2) measurements should be made in a different configuration. For example, the MUT should be prepared
differently (e.g. rotated’, placed in another waveguide'®) or a different mode should be used®.

In addition to the LHM and CFRP structures mentioned earlier, the results can be utilized to study classic anisotropic
materials with known orientation of the main axes and man-made material structures, in particular artificial dielectrics'’,
magnetodielectrics'® and other layered composites, characterized by transverse isotropy of effective parameters.
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APPENDIX A. TE AND TM WAVES IN AN ANISOTROPIC MATERIAL

In each layer substituting (1) and (2) into Maxwell’s equations (7) and (8), we obtain

OE, . .
a—‘”i JKE,, = —jou,u H,,
y

. oE, .
FIkE,, - a; =—jouu, H,,

OE, OE, .

= T — e H
ax ay .] ﬂOluJ 0z

OH, . .

_Ozi .]kHOy = Ja)gogxxE()x
oy ’

. OH, .
$JkH0x - ax(_)z = Ja)g()gnyOy

OH,, 0oH, .
D Joge E,
ox oy

Let’s we write (29) and (33) in the form of a system of equations

OE,,
oy

. . OH
—J wgogvyEOV T JkHOx =—%
s ox

ijkEOy + ja)ﬂoﬂxxHOX ==

and determine E, and H,, with respect to partial derivatives of longitudinal components £, and H,.. We get

i OH OE,.
E,, +[wﬂoﬂn _0z¢k_mj

T K ue, -k ax oy
i £ H

H, = % we,, hﬂ{u
ko, &, = k oy Ox

where kj is the wave number in the vacuum

ky = O\ Hpéy = @

c

In the same way from (30) and (32) can be obtained E\, and H, relative to the partial derivatives of £y, and H,

‘] (_wgogxx%$k%j

U Kem, —k ox oy
j aHOz —_ aEOz
=— 3 | —ouu, |l A

0x kggﬂ/lyy —k2 ( ﬂoﬂy} ay + ax

Substituting E, and £, into (40) and H,, and H,, into (43) we get the system of coupled equations for Eo, and Hy,

0’H,, _, O’F, 1 o0°H, O’E,
z _k 0z - 0z — k 0z
* Hotlyy oy’ * Oyox

= =- H,
axz axay 1u01uzz 0z

wxuo luxx
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2 2 2 2
L (—weoen % By i M j e [a’gogyy g k%j —oneE, @)
kye ., —k Ox oxdy ) kyune, —k oy O0yox

Each of equations (41) and (42) is a second order partial differential equation with constant coefficients of two functions
Eo(x, y) and Hp,(x, y). In general, hybrid waves propagation should be expected, which from the point of view of
extracting parameters is not convenient. Instead, let’s explore the possibility of TE and TM waves propagation.

We substitute £y, = 0 to (41) and (42), hence for TE waves

’H , ’H
2 luxx 2 [a ZOZ JJ’- 2 lu}y 2 (a ZOZ j-’r /uzzH()z = O (43)
kyu e o k ox kye u . k oy

ki(u e —&. 2
. O(luxx évy 2xx1uy}) - [a HOZJZO (44)
(k() 8xxluyy - k )(kO quxgyy - k ) axay
Similarly, for TM waves we have Hy, =0, i.e.
ki(e. pu, —u. &, 2
ey fls) [a E°ZJ=0 (43)
(k() :lexgyy - k )(kO 8xx;u}y - k ) axay

2 & 2
2 gXX 2(6 E;()Z]+ 2 = 2(6 Evzoz]-l_gzzEOz:O (46)
ke, My, — k Ox k, Ho &, — k oy

Decoupling of Ey, from H,,, i.e. obtaining separate equations for £y, and H,, occurs in two particular cases. In the first
case the following relation occurs: fiy&,, — &xgty, = 0. Rewrite it as
&, ) y
Ew _Hw _, (47
gxx ﬂXX

This condition resets equation (44) for TE waves and (45) for TM waves, then (43) and (46) takes the form

2 2

for TE (681;02 j + a(aafzoz J+ﬁ(k§a5xxﬂxx -k ) Hy =0 (48)
82E()z 82E()z gzz 2 2

for TM el A R (ke u, ~K)E,. =0 (49)

Incidentally, the case o # 1 seems to be unrealistic. Therefore we will not consider it. In the second case, decoupling
occurs if either
0 0

~ =0 or —=0 50
Oy o Ox (50)

which is fulfilled in an empty waveguide by the TE,, and TE,, modes respectively. These modes also exist in
a waveguide filled with the biaxial medium. This was noticed for the first time in work of Damaskos et al® An Eq. (43)
fulfilled by these solutions reduces to

O’H,, | p,

for TE 0 TZO + ﬂ—~(kg p.e, ~k*)H, =0 (51
O’H,, .

for TEon T;“-’-ﬂ—h(kégmﬂyy —k2 )HOZ =0 (52)
»

while all other equations are satisfied identically.
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APPENDIX B. WAVES IN A WAVEGUIDE
TE and TM waves in an uniaxially anisotropic medium
Let’s consider condition (47). In particular, it is satisfied for a medium with uniaxial anisotropy
En T &y Hy=H,

then equation (48) and (49) takes the form

Py Dy,
—+—+ky=0 53
axz ayz c W ( )
where
for TE w=H,, K=t2u.c —k) (54)
for T™ v=E.. K="2(u.c. k) (55)
&

xx

Boundary conditions on the waveguide inner surface S can be expressed as

for TE (R-Vy)|, 2 Wl g (56)
on |
for TM wl,=0 (57)

where R is unit normal vector at the surface.
Let’s apply the separation of variables method. Writing v in a typical way '
w(x,y)=X(x)-Y() (58)

and substituting into (53), we obtain formula

’X(x) OY(»)

o’y %» +k’
X(x) Y(»)

which leads to two equations of one variable

d’X(x)

2

+kIX(x)=0 (59)

d’Y(y)

2

+kf,Y(y):0 (60)
where k, and k, are separation constants. In addition, we obtain a relationship
Kl =k +k; (61)
The general solutions of (59) and (60) are respectively
X(x) = Asin(k_x)+ Bcos(k_x) (62)

Y(y)=Csin(k,y)+ Dcos(k,y) (63)
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Substituting the separated form of the solution (58) to the boundary conditions (57) and (56) one can obtain'":

or TE W o ww| ol o dro) )
dx [ d |, dy |, dy |,
for TM X(0)=0, X(a)=0, Y(0)=0, Y(»)=0 (65)

The general solution (62) differs from (63) by a spatial variable and by constant symbols only. We can substitute one of
them to the appropriate boundary conditions and obtain the solution. Next, replacing the variable and symbols we can
obtain the solution of the latter.

Substituting the general solution (62) to the boundary conditions, we obtain a system of equations
Ak _cosk 0— Bk _sink 0=0
Ak _cosk a—Bk sink a=0
It gives 4 = 0 and
k,=—, m=0,1,2, ... (66)

In the same way for the function ¥(y) we get C = 0 and

k =%, n=0,1,2, ... (67)

y

The product of solutions X and Y — function w = H,, — is equal to
H, (x,y)=H,cos (mx] cos (%y} (68)
a

where H, = BD. This solution is called the TE,,, mode'. To avoid a trivial solution, at least one of the indices must be
nonzero. The first index is conventionally associated with the larger dimension, so we assume a > b.
Another system of equations is obtained by substituting (62) to (65)

Asin(k 0)+ Bcos(k, 0)=0

Asin(k a)+ Bcos(k.a)=0

Hence B=0 and

k=" m=1,2,3, ... (69)

x
a

In turn, substituting (63) into (65) we have D = 0 and

nm
k},:j, n=1,2,3,... (70)
The resulting solution y = Ey, is called TM,,, mode
E,.(x,y) = E,sin [@ x) sin (ﬂ yj (71)
a b
where E, = AC. The separation constants are the same for both types of modes
mmn nm

k,.=—, k =— 72
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Substituting (72) to (61) we obtain the cutoff wave number (k.),,, for the nm-th mode. It is designed £, given by

(k) =iy = [ﬂ) +(ﬁj (73)
a b

It is a function of the guide dimensions only. Taking into account (54) and (55), the wave number & can be written as

2
for TE,,, k=koJ 1o |1- kLz (74)
’ » gxxﬂzz kO
for TM,,, k=ky\Ju €., kz (75)
£

xx zz

The dispersion occurs, i.e. the relationship between the wave number & and the angular frequency  is nonlinear.

According to (36)—(40) transverse components for TE waves can be written as

EOX —_ - Jk - a)ﬂoﬂxx aHOZ — _j a);u(;:uzz aI—[Oz — _] a)ll'l(;ll'lzz nn H CcoS [m_ﬂ:x) SIH(EYJ
kop . —k kK oy k., oy k., b a b
Ev0 —_ - _]k - (_ a)luoﬂxx aHOzj:jwﬂ(;/’lzz aIJOZ — Ja)lllozlll mTCH Sln(mxjcos(nn yj
! k 0 /uxx gxx - k k a'x kmn ax knm a b

1 . kp, mm . (mm nmn
H =¥F—F =4+j—=——H sin| —x |cos| —
o ZTE v Jk/inﬂxx a ’ ( a j ( b yj

1 .
H,, :iZ—EOx == kkﬂ %HO cos(ﬂxjsm(%yj
TE nm/urx a

where

Ly = ]Oc

Transverse components for TM waves can also be obtained from the same equations, hence

ik OE, j _. ke, OE, _. ke_ mn (mn ) . (nn j
E, =- +—= = Z = Z_—FE,cos| —x |sin| —
ox kgﬂmg“—kz( x ) e o e a b

ik 6E =i ke, OE,, _. ks, nn _ . (mn nm
E), =—— > Fi— =F)5——E,sin| —x [cos| —y
kO lu xxgxx _k ay kmn xx ay kmngxx b a b
1 WE,E,, NTT mm nmw
H =7 E,, =j—=—E,sin| —x |cos
o ZTM o Jkrin xx b ( a J (b yj
1
H, =% E, = wai@E cos(mxjsm(mE yj
i ZTM kmn xx a a b
where
k
Zoy =
wgogxx
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Note that

/,u fg k,
WO, = O] H€, 6‘_0 = ko77 s WE) = L\ L&, #—0 = ;0
0 0

where 7 is the intrinsic impedance of the vacuum

n= =
80
Using these relationships, we get for TE waves
a)/'l /LlXV k XX k XX
Z,, = ot oI =7 oM
k k 1 i
k() lu)cxg\tx 1 - LZ”
‘ gxx/'lzz k()
gXX
ZTE = 77 —2
Lk,
et ko
Similarly for TM waves we have
2
kO V ﬂxvgxx 1 - 1 kL’Z’I
Z — k _ 77 _ 77 ) /J xxgzz kO
™ a)go gxx kO gxx kO gxx

7 1 ik
Zoy = [P /1—— mn
™ ?7 gxx ﬂxxgzz k(?

TE waves in a biaxially anisotropic medium

Let’s consider propagation of EM waves in the bianisotropic medium now. As mentioned in the previous chapter, the
condition (50) resets TM modes. If 6/dy =0 the TE modes fulfilled the relations

2
v, =0, K= (Kue, 1) 76)
J OH,, . Q.. OH,,
E = —- B =
o k(f,ungyy—kz( Holl axj e T

— wﬂO/’lxx
H, =3—2, Z  =—u=
0x Zmo 0 k
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Under condition 6/ Ox =0 the other TE modes exist for which

2
Ty s em, =0, K== (eu, -8
5 . ,

yy

i oH,, - ouu., OH,,
0x = k2 k2 (_a)ﬂoﬂy‘ a . j == ko—za_o
ngx/’lyx y c y
HOy =+ EOX = %

4 On k

It can be shown, that solutions of (76) fulfilled boundary conditions (65) are TE,, modes®’

H, (x,y)=H, cos(m—nxj
a

EU:_jEEMZEE%Sm(ﬂEXJ
mTt a

H, =i My (m_j
v /’lxxmn a

EOx :EOZ :HOy :O

where

1 K mn
k = kOV fuxxgyy 1_ LZO > (kc)mO = kmO = 7

&, 1., ky

In turn, the solution of the (77) with boundary conditions (65) are TE,, modes

H, (x,y)=H,cos (%x}

B = Ot g gin[ 1T
0 nmn 0 b

H,, = ijMH0 sin(ﬂxj

M,nm b
E, =E, =H, =0
where
k=ky e 1, kozz" A
xx/izz kO b
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APPENDIX C. DERIVATION OF THE MATRIX REPRESENTATION

This appendix shows the derivation of the equation (14). The system of equations (12)—(13) can be written in the matrix
form

exp(-jk"d)) exp(jk'd,)

,ui_f) (1+1) AL A7 = exp(—jk””)dl) exp(jk(l”)d,) AT (78)
W | T sexp(-ik ) T exp(ikd,) | BV ] exp(-kd) —exp(ik"d)) | B
TE TE
Introducing the wave impedances ratio
AL Zy"
z2

we get

luizl) 1 1 eXp(—jk(”d/) 0 A(l) B 1 1 exp(_jk(/+l)dl) 0 A(Hl)
w0 |z g 0 exp(jkd,) || B" 11 -1 0 exp(jk'*Vd,) || B'™

and next
e,jk(m)d[ 0 A(Hl) /J(]) 1 1 -1 1 1 e*jk(”d, 0 A(I)
0 S || B = FL _1} {Z(””) —Z(””)} 0 o || BY

Let’s define the matrix

S LU N I U N 7 | R R
_,u””) 1 1 Z D (L) _/IEM)2 1= ZGD g 70D

After some manipulations, we get

(I+1) D, -k, 0}
4 e 0 W | 0 |4
B - ~jkUg #a, || g0

0 e ! 0 e @

As expected, the formula (78) takes the form (14).
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