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ABSTRACT

Usually mathematical abstractions are used as examples in teaching of general courses as well as in special courses such
as numerical recipes. Using of examples from physics (or optics in particular) makes the course more interesting and
understandable for students in optical engineering. In Applied and Computer Optics Department of ITMO University the
course “Numerical Recipes in Optics” is studied via practical usage of optical image modeling and quality analysis. It
helps to make studying of numerical recipes (such as numerical integration, approximation, fast Fourier transform etc.)
more useful. Moreover it gives deeper understanding in mathematical models of physical processes. The most interesting
exercises corresponding to different numerical recipes are presented in the paper.
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1. INTRODUCTION

Numerical recipes course is often in optical engineering curricula. It is necessary to be able to making numerical
simulation for various physical processes, in particular in optics. Simple mathematical functions are usually using in
exercises in such courses [1]. It gives to student good understanding of numerical recipes, their accuracy and others
properties. However, we can see that it does not guarantee ability to use these recipes for practical calculations and
connection between theory and its practical usage. In Applied and Computer Optics Department of ITMO University we
use examples from optical image modeling and quality analysis as exercises. It makes studying of numerical recipes
more useful from practical point of view, gives deeper understanding of optical processes and applications. Moreover we
use interest to computer science for studying optics.

There are several studying numerical recipes:
e numerical differentiation;
e numerical integration;
e interpolation;
e approximation;

e  Fourier transform.

2. NUMERICAL DIFFERENTIATION RECIPE

Numerical differentiation is the simplest numerical recipe, but it has useful application in aberration theory. It is well
known that the first derivation of wave aberration by pupil coordinate is a lateral aberration, and the second derivation is
a longitudinal aberration [2]. Usually wave aberration is described with Zernike polynomials:

W (p,0) = 2> CamRn' (p)-cos(me) ()

where p,@ - polar pupil coordinates, M - power of @, N - power of p, Cy,,, - coefficient (shows contribution of
each aberration type), Rrr]n (p) - radial polynomial.

As exercise each student gets his own set of Zernike polynomials for differentiation, and calculates the first and the
second derivative (in fact lateral and longitudinal aberrations) by forward and central difference methods. Also student
evaluates accuracy of computation as difference between values calculated by numerical recipe and by analytical
derivation.
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Thus in additions to methods of numerical differentiation students also study practical usage of Zernike polynomials and
mathematical connection between wave, lateral, and longitudinal aberrations.

Example of exercise:
Calculate first and second derivation of wave aberration function W (p,, py) by py and py in the interval

P e[—l;l] by forward and central difference methods in case only 3-order spherical aberration is presented:
W(p,p) = C4OR2 (p), where Rg(p)z 6p" —6p2 +1, coefficient C49 =1.

Draw plots of wave, lateral and longitudinal aberrations, calculated by numerical recipes and analytically. Draw plot of
final accuracy form differentiation step.

Solution of exercise:

Wave Aberration Lateral Aberration Longitudinal aberration

—— Forward difference method —— Forward difference method
—— Central difference method —— Central difference method
Analytical method Analytical method

Figure 1. Example of result plots of wave, lateral, and longitudinal aberrations.

3. NUMERICAL INTEGRATION RECIPE

In numerical integration part we study Gaussian method and Newton-Cotes method. For studying accuracy of these
methods we use simple mathematical function (cos for example). Good example of using numerical integration in optics
is calculation of encircled energy by point spread function:

gh(n'x,n’y)dn’xdn’y
E(d") = 2
O [y Kimicin ?

where h(n;( , 773,) - point spread function, 77,77y - canonical coordinates on image.

Example of exercise:
/2
1. Calculate integral Il+ COS(X)dX by Newton-Cotes method (1-5 order) and Gaussian method (1-6 order). Draw plot

0
of accuracy from number of points for various degrees of Newton-Cotes method and Gaussian method.

2. Calculate encircled energy by given point spread function by 1% order Newton-Cotes method. Draw plots of encircled
energy and point spread function.
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3.1 Task solution example

Point Spread Function PSF(11’x,0) Encircled Energy E(d)
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Figure 2. Example of result plots for point spread function and encircled energy.

4. APPROXIMATION RECIPE

In approximation recipe we study least squares method. An optical example is approximation of index of refraction. If
we know several indices of refraction for glass, we can calculate coefficients of Herzberger dispersion formula [3]:

N(A) = gty + pip A% + pig At + pg L+ 1L + pigL>, ®3)

—1
where L= (/12 —ﬂ%) : ﬂ% —0,028um?. It is enough to know the six values of refraction index for calculating of

coefficients £4,..., tg for one glass, but it could be more.

A system of linear equations in matrix for m > 6 refraction indexes is:

A-M=N (4)

TN "

2 4 2 3
where A(mx6)= SERCIC I T , M(6)= . N(m)= . N, are known values of

1 2 L, L& L He Ny
refraction index for wavelengths ﬂi, M is number of known refraction indices, f4,..., g are coefficients of

Herzberger dispersion formula.

Using least squares method for the system of linear equations (4):

—1
M=(AT-AJ AT N 5)
Example of exercise:
The known index of refraction values for optical glass F2 are n; =1.662241, ngp=1.628440, n,=1.620541,

Nc=1.611600, n,=1.608862, n;=1.599483. Develop index of refraction calculation procedure for wavelength

from 0.3 to 2 um. Calculate indexes of refraction for A, = 0.40466um, Ay =0.58756um, Agpe; = 0.64380 um.
Check calculation in http://glassbank.ifmo.ru.
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Solution of exercise:
Calculated index of refraction values: N =1.6467860, N =1.6165512, nﬂspec =1.6123803. Reference
index of refraction values [2]: N, =1.6468077, Ny =1.6165511, nﬂspec =1.6123800. Those, calculation

accuracy is less than 10_5 .

5. FAST FOURIER TRANSFORM RECIPE

The most interesting optical application of numerical recipe is Fourier transform [4]. For studying Fourier transform and
its properties we use typical function (delta-function, rectangle, etc.). As simple optical example we use calculation of
point spread function by given pupil function. There are variety of tasks with complicated area of pupil (central
obscuration, synthetic aperture), pupil with non-uniform transmission or with given types of aberrations (specified with
Zernike polynomials). Additionally we are considering normalization problem for PSF calculation:

h(n'x,ng,)=$- F‘l[f(px,py)r, (©)

where f(px,py) - pupil function, H" - normalization factor.

Pupil function is:

f(Px’Py): T%(vapy)'GMW(pX'py)’ €Qo

0,2Q

™

where r(px , py) - transmission, W (px , py) - wave aberration, 2 - pupil area in canonical coordinates.
Normalization factor is:

2
H'=(+J. +.[Tl/2(Px’Py)'d/’X'dpyJ =@ﬁ-dx'dy)2 ®

—00 —00
Example of exercise:

1. Calculate spectrum of function 1+ C0S(27X) by 1D Fourier transform.

2. Calculate spectrum of function f (px : py)z circ(p), p= w[,0)% + p)z, by 2D Fourier transform.

3. Calculate PSF of optical system with central obscuration f (px,py): circ(p)— circ(p/g), & =0.6. Compare
result with PSF of optical system with round pupil.
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Solution of exercise:
Point Spread Function PSF(0, n’y)

— PSF with central obscuration
— PSF without central obscuration

-2 -2 -2 0 2 2 2

Figure 3. Perfect optical system PSF and PSF of optical system with central obscuration.

CONCLUSIONS

As we can seg, it is a lot of interesting and useful examples in optics for using them in numerical recipes course. It makes
studying of numerical recipes more useful from practical point of view. Also it gives deeper understanding of optical
processes and applications. Our experience shows that it really works. After this course student use numerical recipes
with confidence in other courses, in bachelor and master thesis, and later in profession.
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