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Abstract 
 

 In the design and specification of precision optical components for advanced imaging applications it is 
necessary that residual optical fabrication errors be specified and measured over the “entire range of relevant 
spatial frequencies”. This includes the mid-spatial-frequency surface errors that span the gap between the 
traditional “figure” and “finish” errors. Since surface scatter is merely a diffraction phenomenon, the linear 

systems formulation of non-paraxial scalar diffraction theory forms the basis of the GHS surface scatter 
theory: a linear systems formulation of surface scatter theory valid for smooth or rough surfaces, large or 
small incident and scattered angles and arbitrary surface PSDs. The resulting surface transfer function can be 
combined with the conventional OTF which then characterizes image degradation due to diffraction effects, 
geometrical aberrations, and surface scatter effects. The method of determining the composite surface PSD 
from the metrology data and the method of predicting the bidirectional scattered distribution function (BSDF) 
from the surface PSD will be discussed as will the process for deriving the optical fabrication tolerances 
necessary for satisfying specific image quality requirements. 
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1.0 Introduction 
 

 The succession of steps required to calculate image degradation from surface metrology data as promised 
in the abstract of this paper includes: 1.) determining the composite surface PSD from metrology data over 
the entire range of relevant spatial frequencies (including the mid-spatial-frequencies that span the gap between 

the traditional “figure” and “finish” surface errors), 2.) predict the extended BRDF utilizing the GHS surface 
scatter theory, 3.) discuss Peterson’s analytic expressions for in-field stray radiation for multi-element 
imaging systems and 4.) apply conventional linear systems theory to calculate the resulting systems 
modulation transfer function (MTF).  These steps are illustrated in Figure 1, and will serve as the subheadings 
in this paper. 
 

 
Figure 1.  Graphical  illustration  of  the  succession  of  four  steps 
required to calculate image degradation as promised in the abstract. 
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2.0 Determine the Composite Surface Power Spectral Density (PSD) Function 
 

 The behavior of light scattered from randomly rough surfaces is dictated by the statistical surface 

characteristics shown in Figure 2.  Note the surface height distribution with the root-mean-square roughness 

s indicated, and the surface autocovariance (ACV) function labeled C(x,y) with autocovariance length l, 

defined as the width of the function at the 1/e height.1-3  
 

 
                    Figure 2. Statistical surface characteristics. 

 

 Figure 3 shows the relationship between the surface profile, the surface autocovariance function and the 
surface power spectral density (PSD) function.  Note that the surface ACV and the surface PSD functions are 
Fourier transforms of each other. 
 

   
 

Figure 3. Illustration of the relationship between the surface profile, surface ACV function 
and the surface PSD function. The ACV and the PSD functions form a Fourier transform pair. 
 

 

 
Figure 4.  Illustration of different spatial regimes and their resulting effect upon image quality. 

 

 Figure 4 shows the surface PSD divided into several different spatial frequency regimes which have 

distinctly different effects upon image quality. Low spatial frequency figure errors give rise to conventional 
wavefront aberrations. High spatial frequency microroughness produces a wide-angle scatter halo around the 
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image core which reduces image contrast without significantly affecting the width of the image core. And the 
mid-spatial frequency figure errors produce small-angle scatter that broadens the image core, thus reducing 
resolution.4 
 

 In 1987 I presented a paper at an X-ray Astronomy Conference at the Annual SPIE Symposium in San 
Diego in which I stated, “. . . small angle scatter due to mid-spatial-frequency surface ripple is a dominant 
source of image degradation for many grazing incidence optical systems”.5  
 

 The session chairman was Stu Bowyer from Berkeley, and his group had designed and built The EUVE 
Telescope, a grazing incidence Wolter Type II design that had been diamond-turned and post-polished. It had 
been recently launched and was sending back good data.  He stood up and said, “At Berkley, we don’t have 
mid-spatial-frequency surface errors. That’s a Perkin-Elmer problem.” 
 

 Bernt Aschenbach, a noted astrophysicist who had been involved with the European ROSAT X-ray 
Telescope which was performing superbly, stood up and stated, “In Europe, we don’t have mid-spatial-
frequency surface errors either.” He then shook his finger in my face and stated, “that is a United States 

problem”. 
 

 Although Aikens was making extensive use of surface PSD’s for characterizing optical surfaces,6 and 
Harvey was specifically discussing mid-spatial-frequencies that span the gap between “figure” errors and 
“finish” errors,7-8 it was 21 years later, at the 2008 OSA Topical Meeting on Optical Fabrication and Testing 
in Rochester, New York that a half-day technical session was finally devoted to the topic of Specifying and 
Measuring Mid-Spatial-Frequency Optical Fabrication Errors.9-11 
 

 Historically, only low spatial frequency “figure” errors and high spatial frequency “finish” errors had been 
characterized and specified in the manufacture of optical components. However, it would clearly be a 

non-physical situation to have significant figure errors and significant finish errors and to have no mid spatial 
frequency irregularities as shown in Figure 5. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 5. This illustration of a surface PSD that exhibits both low and high-spatial-frequency 

errors but no mid-spatial-frequency surface errors represents a very non-physical situation! 
 

 We all have “mid” spatial frequency surface errors, whether we are aware of them or not.  Just because 
we don’t spec them or measure them doesn’t mean that they are not present and degrading our images. 
   

 
Figure 6. This illustration of a surface PSD with mid-spatial-frequency surface errors spanning the gap 
between the low and high-spatial-frequency errors represents a much more physically realistic situation! 
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 In fact, we may even have quasi-periodic surface errors that fall into the “mid” spatial frequency domain, 
resulting in a substantial band-limited “hump” in the surface PSD as shown in Figure 7.  This can cause 
serious degradation of image quality.  The Perkin-Elmer Corporation discovered this the hard way when they 
had to stop fabrication and invent a suitable mid-spatial-frequency interferometer during the AXAF 
Program.12 Their computer-controlled figuring was resulting in residual mid-spatial-frequency optical 
fabrication errors that had not been anticipated, and for which no suitable metrology instrument currently 
existed. 

 
Figure 7. Illustration of a surface PSD exhibiting a large hump in the mid-spatial-frequency range 

due to the presence of quasi-periodic surface errors falling into that spatial frequency domain. 
 

  Incidentally, Eugene Church had discussed the inverse power law, or fractal behavior, of PSD’s of optical 
surfaces fabricated by conventional grinding and polishing techniques on ordinary glassy materials as early as 
the late 1970s.13 And Livermore experimentally showed the inverse power law behavior of the surface PSD of 
high-quality EUV surfaces over a large dynamic range of spatial frequencies as shown in Figure 8. 

 

 
 

            Figure 8.  Surface Characteristics of Optics for EUV Lithography.14 
 

 It often takes three, or even four different metrology instruments to measure the surface characteristics 

over the entire range of relevant spatial frequencies for a given application.  Figure 9. shows the metrology 
data from the Tinsley EUV mirror built for the NOAA UltraViolet Imager (SUVI) as part of the GOES 
weather satellite.15 The low spatial frequency surface errors were measured with a full-aperture interferometer, 
the high spatial frequency microroughness was measured with an atomic force microscope, and a micro-phase 
measuring interferometer (with both a 2.5X and a 50X objective) was used to measure the mid spatial frequency 
surface fabrication errors.  Like most optical surfaces fabricated with conventional grinding and polishing 
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techniques on ordinary glassy materials, the surface PSD exhibits an inverse power law, or fractal, behavior. 
Following Church and Takas recommendations in Reference 16, we fit an ABC or K-correlation function of 
the form of Eq. 1 to this metrology data as shown by the heavy red line on Figure 9. 
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Figure 9. Measured surface PSD fit with an ABC or K-correlation function. Note the large dynamic range of spatial 
frequencies spanning from the lowest relevant spatial frequency of 1/2D to the highest relevant spatial frequency of 1/. 

 

 The ABC, or K-correlation function expressed by Eq.(1) has several very useful properties. The 2-D 
surface PSD (assuming isotropic roughness) can be obtained from the 1-D surface profile measurements by 
using Eq.(2).   

 
 

The total integral under the 2-D surface PSD is given by Eq.(3), and the Fourier transform of the 2-D surface 
PSD is given by Eq.(4).   
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 We must also replace the total or intrinsic roughness, s, with the bandlimited relevant rms roughness rel 
in the classical expression for total integrated scatter, TIS.17  
 

                                                                                (5) 

 The total intrinsic roughness, s, of any surface is defined as the square root of the (infinite) integral of the 

surface PSD.  

                                                        

(3) 
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 It is important to recognize that the relevant (or effective) surface roughness is not an intrinsic surface 
characteristic, but a band-limited quantity that depends upon the wavelength and incident angle.17 
 

 Any portion of the surface PSD that extends outside of the circle of radius 1/ centered upon a spatial  
frequency  of   fo = sin

 
/  will  not  scatter  light; i.e., it is irrelevant roughness with respect to surface scatter 

phenomena.  For isotropic roughness and normal incidence, Eq.(7) mathematically defines and Figure 10 (a) 
graphicly illustrates the relevant roughness. For isotropic roughness and non-normal incidence, Eq.(8) 
mathematically defines and Figure 10 (b) and (c) graphicly illustrates the relevant roughness.17 
 

  
          

 
  

 
Figure 10. Graphical illustration of the relevant roughness for: (a) isotropic roughness 
and  normal  incidence,  (b)  and  (c)  isotropic  roughness  and  non-normal  incidence.17 

 

3.0  Predict Extended BRDF Utilizing the GHS Surface Scatter Theory. 
 

 The GHS surface scatter theory, a linear systems formulation valid for arbitrary surface roughness, 
arbitrary incident and scattered angles and arbitrary surface PSD functions is summarized by Eq.(9), which is a 

mathematical expression for the surface transfer function.18-19  The C(xhat,yhat) in is merely the surface ACV 
function provided by Eq(4). Eq(10) indicates that the BSDF of the surface is then given by multiplying the 
Fourier transform of this surface transfer function by the polarization reflectance, Q.18-19 

 

 
                                        

                                          
 

 

  Note that a scaled coordinate system has been used in which the spatial variables are normalized by the 
wavelength of the light ( etc. ,/ˆ ,/ˆ  yyxx == ).  The reciprocal variables   and  are thus the direction 
cosines of the propagation vectors of the angular spectrum of plane waves discussed by Ratcliff,20 
Goodman,21 and Gaskill.22

  Also, don’t be fooled by the fact that we have reduced the GHS theory into a 
single mathematical expression. Upon close inspection of Eq(9), we see that it is really an expression for a 
two-parameter family of surface transfer functions; i,e, Hs is a function of two independent variables, xhat and 
yhat, and two additional parameters, i and s, which are equal to cos(i) and cos(s). In other words, the GHS 

theory is no longer shift-invariant.  It requires a different surface transfer function for each incident and 
scattering angle!18-19 

 

   We thus have to calculate the BSDF one point at a time by choosing an incident and a scattering angle, then 

implementing a 2D FFT numerical Fourier transform algorithm indicated symbolically by the script F in 
Eq.(10).  Furthermore, due to the large dynamic range in spatial frequency, we have to utilize an FFTLog 
Fourier transform algorithm23 to reduce the time and memory requirements in actually performing the 

computations indicated in Eq(10).   
 

   This computationally intensive process is quite manageable for surfaces with isotropic roughness and has 
been quantitatively compared to the classical small perturbation method (Rayleigh-Rice), the Kirchhoff 
approximation method, and the rigorous method of moments for surfaces with both Gaussian and inverse 
power law surface PSDs.24 
 

 Figure 11 illustrates BSDF profiles predicted for six EUV wavelengths and two visible wavelengths from 
the SUVI mirror metrology data previously shown in Figure 9.  Note from the embedded Table that the TIS 
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for the smallest EUV wavelength exceeded 56%! The two visible wavelengths allowed us to compare our 
GHS predictions with classical Rayleigh-Rice computations for smooth surfaces.25-26 

 
Figure 11.  These BSDF profiles were numerically calculated from the real metrology 
data (surface PSD) illustrated in Figure 9.  The GHS surface scatter theory was used for 
this moderately rough surface. The FFTLog algorithm was implemented in the calculations. 

 

4.0  Peterson’s Analytical Model for Stray Light from Multi-element Imaging Systems. 
 

 So far, we have only discussed scattering from a single optical surface.  This 3rd step is a discussion of 
Peterson’s Analytic Model for Stray Light from Multi-element Imaging Systems.27 We first describe 
Peterson’s analytical model, then, since Peterson had a smooth-surface assumption in his model that allowed 
him to ignore the multi-scattered light, we generalized his model so it could be used for our EUV 
applications.  Finally, we applied it to a two-mirror EUV telescope. 
 

 In the more extensive version of Reference 27 that served as a Master’s Report at the Optical Sciences 
Center at the University of Arizona, Peterson emphasized that: 
 

(1) Although optical systems are complex, the distribution of scattered light from their elements is not. 
 

(2) The halo of scattered light that surrounds a bright source image is merely the sum of the contributions 

from each element.  
 

(3) Furthermore, the scattered-light irradiance distribution from any one element has the form of that 
element’s BSDF, and its magnitude and scale depend only on the size of the beam that passes 
through that element. 

 

 Making use of the Lagrange invariant of 1st-order imaging theory and the brightness theorem 
(conservation of radiance), the scattered irradiance in the focal plane of an imaging system from the jth 
element for an in-field point source has been shown by Peterson to be given by27 
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where BSDF is the bi-directional scatter distribution function, r is the radial distance from the point source 
geometrical image in the image plane of the telescope, na is the numerical aperture of the system, T is the 
system transmittance, sent is the radius of the entrance pupil, sj is the radius of the beam on the jth element, and 
Eent is the irradiance in the entrance pupil of the system. This formulation is based upon both a smooth-
surface and a paraxial assumption. For a two-mirror telescope, we can thus write27 
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  Since sent  = sp ,  na =1/(2F#) = sp/f ′ (f ′= system focal length) and the total power reaching the focal plane 

is given by, PT = Eent  s2
p T , the scattered irradiance in the telescope focal plane normalized by the total 

power is given by27 
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And if there were more scattering surfaces in the imaging system, there would be additional BSDF terms 
added in the square bracket of Eq.(13). 
 

 For a two-mirror telescope the point spread function (PSF) in the focal plane of the telescope will consist 
of the sum of four components whose radiant power distribution is listed below26 
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Figure 12. Illustration of the four components making up the PSF of a two-mirror telescope.26 

 

 Assuming isotropic roughness on both the primary and secondary mirrors, we can construct the following 
expression for the telescope PSF 
 

    
)()()()()( rPSFrPSFrPSFrPSFrPSF ssdssddd +++=

                               (14) 
     

 The first term of the PSF is the image core, or specular beam, as determined by diffraction and geometrical 
aberrations.  And the two middle terms are determined by Peterson’s analytical expressions.  Peterson ignored 
the 4th term due to his smooth-surface assumption. 
  

 The fraction of the total reflected radiant power remaining in the specular beam after reflection from a 
single moderately rough surface is given by25-26 
 

 A = exp-(4 cos i rel ) () 
 

and the fraction of the total reflected radiant power contained it the scattered halo, or total integrated 
scattering (TIS), is given by25-26 

 B = TIS = 1-A = 1- exp-(4 cos I rel ), () 
 

where  i  is the angle of incidence and rel is the rms surface roughness measured over the entire range of 

relevant spatial frequencies (spatial frequencies greater than 1/ are irrelevant since, they do not contribute to 
the scattered radiation).25-26  
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 The quantities Ap, Bp, As and Bs are determined from Eq.(15) and Eq.(16).  Figure 13 graphically illustrates 
the radiant power distribution among these four components of the PSF of a two-mirror telescope (same 

BSDF from both mirrors) as a function of the rms roughness of the mirrors expressed in wavelength (/).   
 

 Note that the TIS of the two-mirror telescope is equal to 1-ApAs.  It is evident from Figure 13 that for 

/ < 0.02 scattering effects are modest, with a TIS < 0.12.  However, as / increases, the scattered light 

increases rapidly.  At / = 0.066 each of the four components contain 25% of the total power.  As / 
continues to increase, the power in the scattered-scattered component increases and the power in all other 

components decreases.  For / > 0.12 the specular beam has essentially vanished, and for / > 0.18 
virtually all the radiant power is in the scattered-scattered component.   
 

 
Figure 13. Energy distribution among the four PSF components.26 

 

 For some short-wavelength application, such as solar EUV telescopes, surface scattering from state-of-the-
art primary and secondary mirrors will dominate both geometrical aberrations and diffraction effects in the 
degradation of image quality. 
 

 As discussed above, we know the fraction of the total radiant power contained in the scattered-scattered 
beam.  But what is the angular distribution of radiation in the scattered-scattered beam?   
 

 Let us think of the scattering process as one whereby each geometrically traced ray, on reflection from a 
mirror surface, spawns a multitude of scattered rays randomly distributed and weighted according to the 
mirror’s BSDF.  These scattered rays are then traced through the system, each one spawning another 
distribution of scattered-scattered rays when it encounters another mirror surface. Each new family of 
scattered rays will be randomly distributed and weighted according to the second mirror’s BSDF.  This is 
precisely the description of a convolution operation.   
 

 We thus generalize the Peterson analytical treatment (i.e.; removed the smooth-surface limitation) by 
accurately calculating and adding the effects of the scattered-scattered component to the PSF in the focal 
plane of the telescope. The functional form of the scattered-scattered term of Eq.(14) is obtained by 
convolving the two middle terms, which is done by numerically calculating the Hankel transform of the 
product of the Hankel transforms of the BSDF’s provided for the two mirrors.  Finally, care is taken to 
properly normalize the magnitude of each component of the PSF.26 
 

 This generalized Peterson analytical technique was then used to predict the image quality of a two-mirror 
Ritchey-Chretien EUV solar telescope. This provided insight and understanding concerning the surface 
scatter effects upon telescope image quality that is difficult to obtain with brute-force computational approaches. 
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 The Figure 14 shows a direct comparison of the irradiance in the focal plane as predicted by the 
generalized Peterson analytical method with predictions from scattering calculations from both the ZEMAX 
and ASAP optical analysis codes.26 
 
  

 The three approaches are in excellent agreement, even for the shortest wavelength of interest that does not 
satisfy the smooth-surface approximation. 
 

Generalized Peterson Model

ZEMAX
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 = 131.2 Å
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 = 500 Å

 = 1000 Å

 (Ǻ) ps TIS

1000         0.9864     0.0136

500         0.9458     0.0542 

303.8      0.8575     0.1425

195.1      0.6854     0.3146

131.2      0.4297     0.5703

93.9      0.1892     0.8108
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         Figure 14.  Radial distances from Gaussian image point (mm).26 

 
5.0  Apply Linear Systems Theory to Calculate System MTF (including surface scatter effects). 

 

 Linear systems theory tells us that if image degradation mechanisms are independent and uncorrelated, the 
system transfer function is given by the product of the transfer functions of the separate image degradation 
mechanisms. From the convolution theorem of Fourier transform theory, the system PSF will thus be given 
by the convolution of the separate PSFs. 

  (17) 
 The product of the classical MTF with the surface transfer function (due to residual optical fabrication 
errors) will thus comprise the system, or composite, MTF in the presence of surface scatter.  The rest of this 
discussion draws extensively from Reference 28. 
 

 Assuming an imaging system with a circular aperture (D = 50mm, f = 200mm) operating at a 

wavelength of   = 0.5m, the diffraction-limited MTF is given by 29 
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and has a cut-off spatial frequency 
1500/  

−== mmfDc  as shown in Figure 15. 
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Figure 15:  Diffraction-limited MTF of imaging system with a circular aperture. 

 

 Assume also that there is a single reflecting surface with a Gaussian ACV function that produces a 

TIS = 0.2 (corresponds to an rms roughness of  = 188Å) 
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For smooth surfaces, the STF is given by 
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and illustrated graphically in Figure 16.  We have increased the surface correlation width substantially beyond 
what it would typically be to enable seeing the nature of the STF at small spatial frequencies. 
 

 

 
Figure 16:  Surface transfer function for above example. 

 

 The system transfer function is given by the product of the classical MTF and the STF 
 

  STFMTFyxH sys     )ˆ,ˆ( X= . (22) 
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 As illustrated in Figure 17, the system transfer function, as degraded by wide-angle scatter from high 

spatial frequency microroughness, drops very quickly (at a spatial frequency of about f /  ) to a value of 

1-TIS, then continues diminished proportionately by that amount 
 

 f MTF-TISyxH sys  /  for      )1(  )ˆ,ˆ(  = . (23) 
 

 
Figure 17:  Illustration of the effect of surface scatter upon the MTF of an imaging system. 

 

 Reference 28 goes beyond this brief discussion of the nature of the system MTF as degraded by 
diffraction, geometrical aberrations, and surface scatter.  It presents a parametric analysis of the effect of 
scattered light upon the MTF of an imaging system, and illustrates the results for three specific applications:  
(i) a visible Newtonian telescope with moderately good optical surfaces which produce no significant effect 
upon the MTF, (ii) an extreme ultraviolet Newtonian telescope where scattering effects can dominate both 
diffraction effects and aberrations in the resulting image degradation even for state-of-the-art optical surfaces, 
and (iii) a visible system made up of three diamond-turned off-axis aspheric mirrors where we use the 
predicted MTF to estimate whether post-polishing is required (huge cost and schedule impact) to meet a 
specific image quality requirement. 

 

6.0  Application 1:  A Systems Engineering Analysis of the Solar X-ray Imager.  
 

 As each SXI Mirror was fabricated, the metrology data was used to model the “as-manufactured” optical 
performance as degraded by aperture diffraction effects, geometrical aberrations, surface scatter effects, and 
an estimate of a variety of other miscellaneous residual errors listed in the system engineer’s error budget tree. 

 
Figure 18. Schematic illustration of the individual image degradation mechanisms and the resulting 
convolution (aerial image) of the SXI telescope for a field angle of 15 arc min and a wavelength of 44.7Å. 

 

 The SXI telescope is one of the instruments on the GOES weather satellites at synchronous orbit, operating 
as a staring telescope recording fine detail in an extended image of the sun at wavelengths between 6Å and 
60Å. Figure 19 shows: (a) the image quality predictions (half-power radius of the PSF vs field angle) 
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assuming geometrical aberrations only, (b) the aerial image, which includes the effects of diffraction and 
scattering, and (c) also includes a detailed analysis of detector effects.30 The black Dots represent 
experimental on-orbit data taken shortly after launch. The excellent agreement between the image quality 
predictions and experimental data validates our image analysis method.31 

 

 
Figure 19. Image quality analysis, including detector effects, 
experimentally validated by on-orbit measurements after launch. 

 

7.0  Application B: Integrating Fabrication and Metrology into the Optical Design Process.  
 

 With the image analysis techniques that we have demonstrated in this paper, we are now poised to fully 
integrate optical metrology and fabrication into the optical design process as shown schematically in 

Figure 20.32 
 

 
Figure 20. Flow chart indicating the strategy for integrating 
optical metrology and fabrication into the optical design process. 
 

 The strategy is to start with a preliminary optical design and first calculate the image quality as degraded 
by surface scatter effects based upon an assumed surface PSD. Varying this assumed surface PSD until the 
predicted image quality satisfies the top-level image quality requirement is a method of deriving the 
necessary optical fabrication tolerances.  If the derived tolerances are unreasonable, the design is varied until 
reasonable optical fabrication tolerances are obtained. During the optical fabrication process the measured 
metrology data from each test cycle is compared to the derived tolerances. When they compare favorably the 
product is shipped to the customer along with the image quality predictions. 
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