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1 Introduction
Unmixing of spectral and lifetime images has been extensively
used to study the distribution and colocalization of fluorophores
in specimens. In spectral or lifetime unmixing, the total spec-
trum or decay is decomposed into the separate components.
Applications of unmixing can be found in biology, chemistry,
and earth sciences and numerous unmixing algorithms have
been developed. Among the techniques developed for finding
the individual components, linear unmixing serves as a standard
and straightforward technique. It assumes a linear superposition
of different components1 but this approach requires knowledge
of reliable references for the individual components. However,
the recording of reference spectra or decays is not always trivial;
they may be subject to changes induced by, e.g., solvents. This
complication especially occurs when one is dealing with endog-
enous fluorophores, in which case recording of the reference
spectra or decays is often not feasible at all.

Recently, novel techniques including spectral phasor analy-
ses (SPA),2 non-negative matrix factorization (NMF),3 and
principal component analysis (PCA)4 have been developed
that overcome this problem. PCA is based on setting up a
perpendicular coordinate system, called principal components,
and maximization of the variances of the data points along each
of the perpendicular coordinates. The method is mathematically
complicated and has been successfully used, for instance, for
unmixing of Flavin autofluorescence components.5 NMF uses
constraints including non-negative spectra and intensity frac-
tions and the minimization of a cost function to unmix the spec-
tral images. The application of NMF for analyzing spectral
lifetime images has also been reported.6 In this technique, a
rough estimation of spectra of constituent components is still
necessary as an input and the final result is dependent on the
initial input. In SPA, unmixing is achieved by employing refer-
ence phasors and exploiting the linear behavior of the phasors.
The reference phasors can be estimated from the recorded spec-
tral image itself. This is performed by extracting the maximum
emission wavelength of pure spectra from the average spectrum

(of a selected region). The choice of the reference points is sub-
ject to errors and the accuracy of the unmixing depends on the
estimate of the reference points by the user.

Efforts have been made to employ extra information, like
excitation spectra or lifetimes, to alleviate the requirement of
reference data and to increase the robustness of the unmixing.
The parallel factor analysis7 was introduced to blindly unmix up
to five components without prior knowledge; here, a filter wheel
was employed to record fluorescence excitation images and
increase the amount of data available for unmixing. This method
suffers from comparatively long acquisition times and a fairly
complicated acquisition process.

Schlachter et al.8 employed a series of lifetime images
recorded at different excitation wavelengths to enhance the
unmixing process. They successfully demonstrated the unmix-
ing of two components without prior knowledge about
the components. This method is, however, limited to dyes
exhibiting single exponential decays, and the unmixing is per-
formed based on a global lifetime estimation using a phasor
approach.

A combined multimodal analysis has the potential to more
reliably unmix the fluorophores than with a single technique.
Moreover, the simultaneous recording of different properties
of the fluorophore with a single detector, for instance, emission
wavelength and fluorescence lifetime, produces additional
information from the same number of photons compared to
the recording of only a single property. This potentially opens
the door to reliable results with fewer numbers of detected
photons. This requires, however, that the fluorophores to be
unmixed have differences in multiples of the imaging modal-
ities. A good example is the presence of a free and bound
state of NADH. The emission maxima of free and bound
NADH differ by 20 nm9 and their lifetimes are 0.3 to 0.5 ns
and 1.6 to 3.7 ns10 for free and bound NADH, respectively.

In frequency-domain lifetime imaging systems, two different
modulation frequencies are needed to extract the lifetimes of a
two-component mixture; this complicates the image acquisition
and results in longer acquisition times. Hanley et al.11 used fre-
quency-domain spectral lifetime imaging and employed a

Address all correspondence to: Hans C. Gerritsen, Utrecht University, Debye
Institute, Department of Molecular Biophysics, Utrecht, The Netherlands. Tel:
+31 30 253 2824; Fax: +31 30 2532706; E-mail: H.C.Gerritsen@uu.nl 0091-3286/2013/$25.00 © 2013 SPIE

Journal of Biomedical Optics 086006-1 August 2013 • Vol. 18(8)

Journal of Biomedical Optics 18(8), 086006 (August 2013)

http://dx.doi.org/10.1117/1.JBO.18.8.086006
http://dx.doi.org/10.1117/1.JBO.18.8.086006
http://dx.doi.org/10.1117/1.JBO.18.8.086006
http://dx.doi.org/10.1117/1.JBO.18.8.086006
http://dx.doi.org/10.1117/1.JBO.18.8.086006
http://dx.doi.org/10.1117/1.JBO.18.8.086006


phasor approach to unmix two components and their lifetimes
using only a single-modulation frequency for the excitation
light. The spectral information removes the need for the extra
recording at other harmonics. In a more recent publication,12

it is shown that the unmixing process becomes more accurate
when the spectral and lifetime information are combined. It
is possible to separate the signals from Rhodamine and fluores-
cein even when the fractional intensity of the Rhodamine is
below 2%.

In this article, we report a new technique which combines
spectral and lifetime data to unmix the fractional intensities,
emission spectra and decays of pure components. This method
relies on the use of spectral phasors and lifetime phasors and
does not require any reference data for unmixing. Every spec-
trum or decay curve is transformed into a single point on the
phasor plot; this reduces the unmixing procedure to find the
reference phasor points of pure components. The method is
tested on digitally added images of single dye solutions to gen-
erate a two- and a three-component system. We show that the
unmixing can be performed with average photon counts as low
as 400 counts∕pixel. Moreover, images with spectra separated
by only 15 nm and lifetimes separated by 700 ps can be
unmixed. Finally, the method is also tested on images of labeled
cells.

1.1 Temporal and Spectral Phasor Analysis

Our novel unmixing method is based on the use of phasors.
Previously, phasor analysis has been successfully employed
for independently analyzing spectral and lifetime images.2,13

In this approach, the decay curve or the spectrum are Fourier
transformed and mapped as a single point in a phasor plot.
Here, the x axis is used to map the real part and the y axis is
used to map the imaginary part of the first harmonic of the
Fourier transformation. This approach facilitates the analysis
of lifetime and spectral images by visualization of the data in
a two-dimensional (2-D) plot. The position of the phasor
depends on the shape of the spectrum or the decay curve.
There is a one to one correlation between phasor points and pix-
els with a particular spectrum or lifetime; this allows for simple
and straightforward image segmentation. Figure 1(a) shows
reference phasor curves for a time-gated system with different
numbers of gates (K) and the same total measurement window
(T); the lifetime range runs from τ∕T ¼ 0.01 to τ∕T ¼ 5. The
phasors of artificial Gaussian-shaped spectra with variable peak
position k0 and variable width w are shown in Fig. 1(b).
Reference curves are shown for different numbers of spectral
detection channels, K ¼ 8 and K ¼ 128. The phasor curves
for zero width (w ¼ 0, corresponding to a delta function) show
the maximum extent of the phasors. Nonzero width spectra fall
inside these curves.

Importantly, phasors show a linear behavior. The phasor of a
linear superposition of two spectra or decay curves is a linear
superposition of the phasors of the pure components. This
allows direct unmixing; the relative position of the phasor of
a mixture with respect to the pure phasors yields the fractional
intensities of each component. In a binary mixture, the phasors
fall on a line connecting the phasors of the pure components.

The relative distance of the total phasor to the reference
points is determined by the fraction of that component. This
is shown for both temporal and spectral phasors in Fig. 2(a)
and 2(b). In the case of a three-component system, shown in
Fig. 2(c) and 2(d), the total phasor falls inside a triangle

whose vertices are made up by the phasors of the pure compo-
nents. The fractional intensities can be obtained by calculating
the area spanned by the total phasor and two vertices and divid-
ing this by the total area of the triangle formed by the phasors of
the pure components. Both spectral and temporal phasors have
been used for unmixing. In temporal phasors, unmixing of two
components is realized simply by fitting a line through all pha-
sor points; the intersections of the line with the reference semi-
circle yield the reference phasor points (lifetimes) of the pure
components. This, however, only works in the case of single
exponential decays. Determining the reference points of multi-
exponential decays is not possible in this way and the reference
points need to be assigned manually.

In the case of spectral phasors, the reference points can be
estimated from the spectral image. First, the emission maxima
of the pure components are estimated. This is accomplished by
selecting regions in the phasor plot and showing the average
spectra of the pixels that correspond to these regions. The aver-
age spectra show the emission maxima that can serve as refer-
ence values. Next, lines can be drawn in the phasor plot for the
emission maxima and a range of spectral widths. By estimating
straight lines through the phasor cloud, the position of suitable
reference phasor points can be estimated. This is subject to
errors when there are no pixels in the image with pure compo-
nents and no unique triangle in the phasor cloud can be deter-
mined. In this article, we will introduce a new technique for
finding the reference points in the phasor diagrams which is
based on combining the information from lifetimes and spectra.
The correlation between temporal and spectral phasors for a sys-
tem with two and three components will be derived. This is the
base for extracting all reference points, estimates of spectra and
lifetimes and performs blind unmixing.

Fig. 1 (a) Time-gated phasors for different (normalized) lifetimes and
numbers of time gates (K); (b) spectral phasor reference curves for differ-
ent numbers of spectral channels and spectral widths.
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2 Methods

2.1 Theory

Unmixing methods need a model to describe how different com-
ponents are superimposed at the pixel level to estimate the frac-
tional intensities and the pure spectra. In the absence of
(interaction) effects such as solvatochromic shifts, linear super-
position can be assumed. The normalized intensity s of a pixel
with position index j in wavelength channel n and time bin m is
related to the “fraction” α of fluorophore number k by:

snmj ¼
X
k

ankdmkαkj; (1)

where ank and dmk are the fractional contribution to the intensity
of spectrum k at wavelength channel n and the decay k at time
bin m, respectively. The decays do not need to be single expo-
nential and can take on any shape. Here, we assume the integrals
of the spectra (an1; an2; : : : ) and decay (dm1; dm2; : : : ) to be nor-
malized to one. Therefore, we can write:

smj ¼
XN−1

n¼0

X
k

ankdmkαkj ¼
X
k

dmkαkj; (2)

snj ¼
XM−1

m¼0

X
k

ankdmkαkj ¼
X
k

ankαkj; (3)

where N and M are the number of spectral channels and time
gates, respectively. The Fourier transformation of Eqs. (1)–(3)
can be written as follows:

SADj ¼
XM−1

m¼0

XN−1

n¼0

snmjei
2π
Nqðnþ1

2
Þei

2π
Mqðmþ1

2
Þ ¼

X
k

AkDkαkj; (4)

SAj ¼
XN−1

n¼0

snjei
2π
Nqðnþ1

2
Þ ¼

X
k

Akαkj; (5)

SDj ¼
XM−1

m¼0

smjei
2π
Mqðmþ1

2
Þ ¼

X
k

Dkαkj; (6)

where Ak ¼
P

N
n¼1 anke

ið2π∕NÞq½nþð1∕2Þ� and Dk ¼
P

M
m¼1

dmkeið2π∕MÞq½mþð1∕2Þ� are the discrete Fourier transforms of ak
and dk, and q is the harmonic number. The Fourier transforma-
tion of Eq. (1) is basically a two dimensional transformation
where one dimension is time and the other is wavelength.

For a case with two fluorophores, Eqs. (4)–(6) are simplified
to:

SADj ¼ A1D1α1j þ A2D2ð1 − α1jÞ; (7)

SAj ¼ A1α1j þ A2ð1 − α1jÞ; (8)

SDj ¼ D1α1j þD2ð1 − α1jÞ: (9)

We note that normalization requires that α1 þ α2 ¼ 1.
Therefore, α2 can be replaced by 1 − α1. For all pixels (different
values of j), the phasors fall onto lines given by:

SADj ¼ uAD þ vADSAj ; (10)

SDj ¼ uD þ vDSAj ; (11)

where

uAD ¼ A1D1 − A2D2

A1 − A2

; vAD ¼ A1A2ðD2 −D1Þ
A1 − A2

(12)

uD ¼ D1 −D2

A1 − A2

; vD ¼ A1D2 − A2D1

A1 − A2

: (13)

These equations are valid for both the real and imaginary
parts of the Fourier transformations.

Solving A1, A2, D1, D2 results in:

A1;2 ¼
vAD − uD � ffiffiffiffi

Δ
p

2v
; D1;2 ¼

vAD þ uD � ffiffiffiffi
Δ

p

2
;

(14)

where

Δ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðuDÞ2 − 2uDvD þ ðvDÞ2 þ 4vDuAD

q
: (15)

The experimental analysis is performed by linear fitting of
SADj versus SAj and SDj versus SAj to estimate uAD, vAD and
uD, vD, respectively and solving Eqs. (14) and (15). After find-
ing A and D, unmixing proceeds as follows:

α1 ¼
SDj −D2

D2 −D1

or α1 ¼
SAj − A2

A2 − A1

: (16)

This corresponds to the fractional distance of the phasor of
the mixture to the pure phasor, see Fig. 1. Interestingly, the spec-
tra and decays of the pure components can also be calculated.

This is achieved by generating the spectrally resolved tem-
poral phasor and time resolved spectral phasors. This can be
performed by:

SAm ¼
XN−1

n¼0

snmei
2π
N ðnþ1

2
Þ∕sm ¼

X
k

Akdmkαk∕
X
k

dmkαk; (17)

SDn ¼
XM−1

m¼0

snmei
2π
Mðmþ1

2
Þ∕sn ¼

X
k

Dkankαk∕
X
k

ankαk: (18)

SAm represents the time resolved spectral phasor; this is the
Fourier transformation of the spectrum at time bin m.
Similarly SDn represents the spectrally resolved temporal phasor
which is the Fourier transformation of the decay at spectral
channel n.

For a binary system, the decays and spectra of the pure
components can now be written as:

dm1;2 ¼
SAm − A2;1

A2;1 − A1;2
sm (19)

and
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an1;2 ¼
SDn −D2;1

D2;1 −D1;2
sn: (20)

The pure decays (dm) and spectra (an) can be found by sim-
ply multiplying the total decay sm or spectrum sn with the
appropriate fractional intensity at each time bin [Eq. (19)] or
spectral channel [Eq. (20)], respectively.

In the case of a three-component system, Eqs. (4)–(6) can be
rewritten as:

SADj ¼ A1D1α1j þ A2D2α2j þ A3D3ð1 − α1j − α2jÞ; (21)

SAj ¼ A1α1j þ A2α2j þ A3ð1 − α1j − α2jÞ; (22)

SDj ¼ D1α1j þD2α2j þD3ð1 − α1j − α2jÞ: (23)

Normalization allows replacing α3 by 1 − α1 − α2. All pixels
with different fractional intensities lie in four planes defined by:

SDjx;y ¼ vDx;ySAjx þ wD
x;ySAjy þ uDx;y (24)

and

SADjx;y ¼ vADx;y SAjx þ wAD
x;y SAjy þ uADx;y : (25)

Here, the x and y indices correspond to the real and imagi-
nary parts of the Fourier transformations. We define:

MðX; Y; ZÞ ¼ X1Y2Z3 − X1Y3Z2 − X2Y1Z3 þ X2Y3Z1

þ X3Y1Z2 − X3Y2Z1: (26)

Then v, w, and u can be expressed as:

vDx;y ¼ −
MðTx;y; Ay; 1Þ
MðAx; Ay; 1Þ

wD
x;y ¼ −

MðTx;y; Ax; 1Þ
MðAx; Ay; 1Þ

uDx;y ¼
MðTx;y; Ax; AyÞ
MðAx; Ay; 1Þ

(27)

and

vADx;y ¼ −
MðTx;yAx;y; Ay; 1Þ

MðAx; Ay; 1Þ
wAD
x;y ¼ −

MðTx;yAx;y; Ax; 1Þ
MðAx; Ay; 1Þ

uADx;y ¼ MðTx;yAx;y; Ax; AyÞ
MðAx; Ay; 1Þ

: (28)

The unmixing of three components relies on minimization

of jvDxySDjx þ wD
xySDjy þ uDxy − SDjx;yj∕

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðvDxyÞ2 þ ðwD

xyÞ2 þ 1
q

and

jvADxy SDjx þ wAD
xy SADjy þ uADxy − SADjx;yj∕

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðvADxy Þ2 þ ðwAD

xy Þ2 þ 1
q

and

yields v, w, and u. This procedure corresponds to fitting a plane
through the experimental points. The reference points of the
spectral and temporal phasors are related by:

Dkx ¼ vDx Akx þ wD
x Aky þ uDx

Dky ¼ vDy Akx þ wD
y Aky þ uDy

(29)

and

AkxDkx ¼ vADx Akx þ wAD
x Aky þ uADx

AkyDky ¼ vADy Akx þ wAD
y Aky þ uADy :

(30)

Substituting the Dkx and Dky from Eq. (29) into Eq. (30)
yields:

vDx A2
kx þ ðuDx − vADx þ AkywD

x ÞAkx − ðuADx AkywAD
x Þ ¼ 0

wD
y A2

ky þ ðuDy − wAD
y þ AkxvDx ÞAky − ðuADy AkxvADy Þ ¼ 0;

(31)

which can be solved numerically once v, w, and u are known.
The fractional intensities can be found from the spectral phasor
or temporal phasor. These can be calculated from the areas in the
phasor diagram, see Fig. 2. The area (T) of a triangle with ver-
tices C1, C2, and C3 can be calculated by:

TðC1; C2; C3Þ ¼
1

2
ðC1xC2y − C1yC2x − C1xC3y þ C1yC3x

þ C2xC3y − C2yC3xÞ: (32)

Using this, the fractional intensities as derived from the spec-
tral phasor plot are as follows:

α1j ¼
TðA2; A3; SAj Þ
TðA1; A2; A3Þ

α2j ¼
TðA1; A3; SAj Þ
TðA1; A2; A3Þ

: (33)

And from the temporal phasor:

α1j ¼
TðD2; D3; SDj Þ
TðD1; D2; D3Þ

α2j ¼
TðD1; D3; SDj Þ
TðD1; D2; D3Þ

. (34)

The pure decays and spectra are found from:

dm1 ¼
TðA2; A3; SAmÞ
TðA1; A2; A3Þ

sm dm2 ¼
TðA1; A3; SAmÞ
TðA1; A2; A3Þ

sm

dm3 ¼
TðA1; A2; SAmÞ
TðA1; A2; A3Þ

sm (35)

an1 ¼
TðD2; D3; SDn Þ
TðD1; D2; D3Þ

sn an2 ¼
TðD3; D1; SDn Þ
TðD1; D2; D3Þ

sn

an3 ¼
TðD1; D2; SDn Þ
TðD1; D2; D3Þ

sn: (36)

Similar to the binary system, the pure decays and spectra are
found by multiplying the total decay spectrum with the appro-
priate fractional intensity at each time bin (or spectral channel).

2.2 Instrumental Details

Two excitation sources were used for our experiments. A 473-
nm solid-state diode laser (Becker and Hickl, Berlin, Germany,
BDL-473-SMC) with a pulse repetition rate of 80 MHz was
used for single-photon excitation experiments. In particular, it
was used for the simultaneous excitation of two fluorophores
to validate the unmixing of binary systems.

A mode-locked Titanium: Sapphire (Ti:Sa) laser (Tsunami,
Spectra-Physics, Sunnyvale, CA) tuned to 780 nm was used in
the two-photon excitation experiments. It was employed to
simultaneously excite three fluorophores in the test samples.
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The laser light was scanned in the XY direction using a galva-
nometer mirror scanner (040EF, LSK, Stallikon, Switzerland).
The laser was focused into the sample by a microscope objective
and the fluorescence emission was collected by the same objec-
tive lens. The results reported here were acquired using an infin-
ity-corrected water-immersion objective (CFI Fluor 60× W,
numerical aperature ðNAÞ ¼ 1.3, Nikon, Japan). The emission
passed through a dichroic mirror (680-nm short pass or 490-nm
long pass) and was filtered by a multiphoton emission filter
(FF01-680/SP-25, Semrock, Rochester, NY) when using the
Ti:Sa laser and a 490-nm long pass filter when using the
diode laser. The fluorescence was coupled into a 900-nm multi-
mode fiber which was connected to a prism-based spectrograph
equipped with a multichannel photo multiplier tube (PMT) with
32 anodes of which only 7 anodes are used. The output of the
PMTwas amplified by a high bandwidth multichannel amplifier
(Philips scientific 775-s-50) and the amplified signals were con-
nected to a multispectral lifetime imaging system (Lambda–Tau)
(see Ref. 14). The spectral width of each detection channel was
about 20 nm and the time gates had a width of 200 ps. The 80-
MHz repetition rate corresponds to a total time measurement
window of 12.5 ns. All images shown here have a field of
view of 60 × 60 μm2 and the image size is 160 × 160 pixels.
All experiments were carried out at room temperature.

To account for the instrument response function, the tempo-
ral phasor is calibrated by recording the single exponential fluo-
rescence decay from an aqueous solution of Fluorescein
(0.1 mM at pH 7).

2.3 Analysis

The spectral images shown here are visualized using a real color
visualization method. Briefly, the spectral information is used to
assign an RGB value to each pixel that corresponds to the color
as perceived by eye. To this end, the spectra are multiplied by the
wavelength-dependent real-color RGB value and integrated over
the spectral channels.15 The temporal and spectral phasor plots
were generated using homemade ImageJ plugins (plugins are
available from www.Spechron.com). The Fortran IMSL library
was used for data fitting and root finding. The lifetimes of both
unmixed and original data were estimated by means of the
Weber method.16

2.4 Sample Details

Aqueous solutions (0.1 mM) with pH ¼ 7 were prepared from
Fluorescein (Sigma–Aldrich F6377), Alexa 532 (Invitrogen
A-20001), Alexa 555 (Invitrogen A-20009), and Alexa 647
(Invitrogen A-20006). Imaging experiments on fixed cell
were carried out using FluoCells prepared slide #2 (Invitrogen
F-14781) and #6 (Invitrogen F-35925).

Slide #2 contained bovine pulmonary artery endothelial cells
(BPAEC). Here, Texas Red-X phalloidin was used for labeling
F-actin, anti-bovine α-tubulin mouse monoclonal antibody in
conjunction with BODIPY FL goat anti-mouse IgG antibody
was used for labeling microtubules, and 4',6-diamidino-2-phe-
nylindole (DAPI) was used for labeling the nucleus.

Fig. 2 The linear superposition of two components using (a) spectral phasor and (b) temporal phasor. For a three-component system, the linear super-
position falls inside the triangle made up by the phasors of the pure components (c and d).
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Slide #6 contained fixed muntjac skin fibroblast cells.
Mitochondria were labeled with mouse anti-OxPhos Complex
V inhibitor protein antibody and visualized using orange-
fluorescent Alexa Fluor 555 goat anti-mouse IgG antibody.
F-actin was labeled with green-fluorescent Alexa Fluor
488 phalloidin, and the nucleus was stained with TO-PRO-3
iodide.

The plant leaf sample was freshly picked near the laboratory
and immersed in water during the experiments to match the
water immersion objective.

3 Results and Discussion

3.1 Unmixing of Two Components

In order to validate the unmixing method, separate images of
Alexa 532 and Alexa 555 solutions were recorded, which

exhibited a clear intensity gradient. Next, they were added dig-
itally to yield a well-defined binary image.

This approach is preferred over the use of synthetic
images with added Poisson noise13 It yields images closely
resembling the images of real mixtures. The images had
400 counts∕pixel on average. Figure 3 shows the phasor
plots of the mixture as well as the intensity images, decay
curves, and spectra after unmixing. The decay curve and the
residual of the unmixed curve for Alexa 532 are shown in
Fig. 3(d). Using the Weber method for lifetime, estimation
resulted in average lifetimes of 2.83 and 2.69 ns for the original
and unmixed Alexa 532, respectively. The same approach
resulted in lifetimes of 0.33 and 0.33 ns for the original and
unmixed Alexa 555, respectively. The spectra from the original
and unmixed data are in excellent agreement; this is demon-
strated by the small residuals of both components, see Fig. 3(e)
and 3(h). In order to quantify the quality of the unmixed data

Fig. 3 Temporal (a) and spectral (b) phasor plots of the Alexa 532-Alexa 555 mixture image. The images (c, f), decays (d, g) and spectra from unmixed
and original data are shown (e, h).
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including the curves and images, the average relative error was
calculated:

δ ¼
X
n

jsunmixed − soriginalj
soriginal

∕N: (37)

The summation runs over all (N) spectral, time channels or
pixel numbers. The results are summarized in Table 1. The aver-
age unmixed fraction of Alexa 532 in the digitally added image
was calculated from the two original images and found to be
66.66%. This is in good agreement with the value of 66.62%
found using the blind unmixing procedure.

The temporal and spectral phasor diagrams are shown in
Fig. 3(a) and 3(b), respectively; the elongated shape of the pha-
sors is characteristic for a two-component system. The reference
points for the phasors are indicated in both diagrams and show
that the two components can be unmixed when they show differ-
ent lifetimes by employing the temporal phasor diagram. To this
end, a line was fitted through the phasor points and the intersec-
tions of the line with the reference phasor curve yields the life-
times of the pure components [Fig. 3(a)]. In addition, the
fractional intensities were estimated from the distance between
the phasor point and the intersections.13 By applying this
method to the Alexa 532 and Alexa 555 images, lifetimes of
3.03 and 0.32 ns were obtained for Alexa 532 and Alexa
555. The average fractional intensity for Alexa 532 was esti-
mated at 58% which is different from the 66.66% found
from the combined analysis. The difference is due to the fact
that the fractional intensities are estimated based on the
assumption that the reference points lie on the reference semi-
circle. The reference points calculated from the combined analy-
sis fall on the fitted line but do not lie on the semicircle. The
discrepancy between the positions of the reference points is
explained by the multiexponential decay of the dyes; only
monoexponential decays fall on the semicircle.

The combined analysis does not require the decays to be sin-
gle exponentials; it works also with multiexponential decays.
We note that the emission maxima of Alexa 532 and Alexa
555 are separated by only 15 nm and the images used for
Fig. 4(a) and 4(b) contain only 400 counts∕pixel on an average.
Nevertheless, good unmixing results are obtained.

Table 1 Summary of the unmixed and original data for the Alexa
532–Alexa 555 image.

Component
τoriginal
(ns)

τunmixed
(ns)

δτ
(%)

δλ
(%)

δimage
(%)

Alexa 532
(400 counts∕pixel)

2.83 2.69 5.7 8.3 1.67

Alexa 555
(400 counts∕pixel)

0.33 0.33 7.1 1.7 1.58

Alexa 532
(150 counts∕pixel)

2.87 2.79 6.2 11.8 6.09

Alexa 555
(150 counts∕pixel)

0.33 0.34 11.4 1.9 5.88

Fig. 4 The comparison between original and unmixed image intensity profile binned in y direction for (a) Alexa 532 and (b) Alexa 555 with
400 counts∕pixel and with 150 counts∕pixel for (c) Alexa 532 and (d) Alexa 555.
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Figure 4(a) and 4(b) show comparisons between two inten-
sity traces in the original and unmixed Alexa 532 (a) and Alexa
555 (b) images at an average intensity of 400 counts∕pixel. The
pixels are binned in the y direction and the graph shows the total
intensity in the x direction for every component separately. Very
good overlap is observed for all pixels in the image. Quantitative
comparison of the Alexa 532 and Alexa 555 intensities in the
original and unmixed images yields average relative errors of

1.67% and 1.58%, respectively (see Table 1). This indicates
good overlap between the original and unmixed images.

The unmixing process was repeated for a lower number of
average counts (150 counts∕pixel); the results are shown in
Fig. 4(c) and 4(d). Quantitative comparison of the intensities
yields average relative errors of 6.09% and 5.88% for Alexa
532 and Alexa 555, respectively. The summary of the results
are shown in Table 1.

Fig. 5 Temporal (a) and spectral (b) phasors for the Fluorescein–Alexa 532–Alexa 647 mixture image. Unmixed images (c, f and i), corresponding
decays (d, g, j) and spectra from unmixing and original data are shown (e, h, k).
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To test the method for the unmixing of three components,
images of solutions of Fluorescein, Alexa 532, and Alexa 555
were recorded and added digitally. The images have gradients
from right to left for Fluorescein, from left to right for Alexa
532, and from top to bottom for Alexa 555, see Fig. 5(c),
5(f) and 5(j). The gradients were generated by shifting the exci-
tation beam slightly off center. The reference spectra and decays
are shown in Fig. 5(d) and 5(e) for Fluorescein, Fig. 5(g) and
5(i) for Alexa 532 and Fig. 5(k) and 5(l) for Alexa 555. The
unmixed images for Fluorescein, Alexa 532, and Alexa 647
are shown in Fig. 5(c), 5(f) and 5(g), respectively. The average
fractional intensities of Fluorescein, Alexa 532, and Alexa 555

in the original images amount to 50.96%, 29.89%, and 19.13%,
respectively. Blind unmixing of the digitally added images
results in average fractional intensities of 51.99%, 28.25%,
and 19.75%, respectively.

The temporal and spectral phasor clouds in Fig. 5(a) and
5(b) show a triangle with clear vertices at the Fluorescein
and Alexa 532 phasors. This is due to the fact that there are
clear regions in the composed image that contain pure compo-
nents from each dye. The average lifetimes of the original and
unmixed dyes are found to be 3.79 and 3.62 ns for Fluorescein,
2.85 and 2.71 ns for Alexa 532, and 0.33 and 0.32 ns for Alexa
555. The results for the lifetime estimations and average relative
error δ are summarized in Table 2.

3.2 Unmixing of Two Components in Labeled Cells

Images of FluoCells (prepared slide #6) were recorded and blind
unmixed, see Fig. 6. The unmixed fractional intensity images
extracted decay curves and spectra are shown for both compo-
nents. Visual inspection of the unmixed images suggests good
separation of the signals of the two dyes. One of the components
shows an emission maximum in the second spectral channel
with a central wavelength of 522 nm and has an average

Table 2 Comparison between the unmixed and original data for the
Fluorescein–Alexa 532–Alexa 647 mixture image.

Component τoriginal (ns) τunmixed (ns) δτ (%) δλ (%) δimage (%)

Fluorescein 3.79 3.62 2.93 5.97 2.61

Alexa 532 2.85 2.71 5.79 2.51 2.80

Alexa 555 0.33 0.32 7.14 5.49 1.7

Fig. 6 The RGB image (a) and unmixed images (d, g) of FluoCells prepared slide #6. The temporal (b) and spectral phasors (c), estimated decays (e, h)
and spectra (f, i) are shown.
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fluorescence lifetime of 2.23 ns. This component corresponds to
Alexa 488 used for staining the actin fibers in the specimen.

The maximum emission wavelength of the second compo-
nent is found in the fourth spectral channel with a central wave-
length of 586 nm and it has an average lifetime of 1.65 ns. This
component corresponds to Alexa 555 used to label the mito-
chondria. The fraction of this component amounts to less
than 3% of the total intensity in the image. This demonstrates
the sensitivity of the method for resolving small fractions. We
note that the average lifetimes of the two components are close
and they are separated by almost 700 ps, which explains the
small size of the phasor cloud in the time domain [Fig. 6(b)].
In the spectral domain, however, the components are separated

by almost 60 nm which results in the elongated shape of the
phasor cloud in the spectral domain [Fig. 6(c)]. The Alexa
555 overlaps with Alexa 488 everywhere in the image and
for that reason, there is almost no spectral phasor point close
to the phasor of pure Alexa 555. On the other hand, there
are some pixels which show pure Alexa 488 and this is reflected
in both the spectral and temporal phasor plots where some pha-
sor points reside very close to the pure Alexa 488 phasor point.

3.3 Unmixing of Three Components in Labeled Cells

The image of the FluoCells (prepared slide #2) was obtained by
two-photon excitation imaging at an excitation wavelength of

Fig. 7 RGB image (a) and unmixed images (d, g, j) of FluoCells prepared slide #2). The temporal (b) and spectral phasors (c) and estimated decays (e, h,
k) and spectra (f, i, l) are also shown.
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780 nm. This enabled exciting all three dyes in the specimen
simultaneously. The spectral range of the spectrograph was
shifted to include the blue emission from DAPI. The RGB
image, the unmixed components, and the extracted spectra
and decays are shown in Fig. 7. Clear segmentation is achieved
and the maximum emission wavelengths of DAPI, BODIPY,
and Texas red are found at 457, 505, and 636 nm, respectively,
in reasonable agreement with the literature values of 461, 505
and 620 nm.17 We note that the average width of the spectral
channels is 20 nm at the blue end of the spectrum and
60 nm at red end, which explains the comparatively large
error in the estimation of the Texas red emission maximum.

The reference temporal and spectral phasors of the pure dyes
as obtained from the analysis are depicted in Fig. 7(b) and 7(c).
Inspection of the reference points in the temporal phasor shows
a comparatively short lifetime for DAPI and close lifetimes for

BODIPY and Texas Red. BODIPY shows clearly a multiexpo-
nential behavior, its temporal phasor falls inside the reference
semicircle. Moreover, examination of the phasor plots shows
a distinct cloud for DAPI which indicates little overlap with
the other components, but the elongation of the phasor points
between Texas red and BODIPY is an indication of overlap
between these two components. This is also confirmed by
the unmixed images, DAPI has no overlap with BODIPY but
it does overlap with Texas red. The average lifetimes of 2.24,
2.98, and 3.54 ns are estimated for DAPI, BODIPY, and
Texas red, respectively. This lifetime was estimated by the
Weber method. The close lifetimes explain the condensed
shape of the temporal phasor distribution, whereas the spectral
phasor distribution is less packed together.

We note that the fast and straight forward segmentation of
images can be realized using the phasor approach. The phasor
points and the image pixels are correlated; a region of interest in
the phasor plot can be projected back and highlighted in the
original image. This provides a means to visualize a specific
population of fluorescent molecules in the image. An example
for the DAPI, BODIPY, and Texas red–labeled specimen is
shown in Fig. 8. Here, the regions of interests are circular
regions selected around the reference points of the pure compo-
nents. The segmented (back projected) images and the estimated
spectra are shown. This segmentation yields less accurate results
than the above real unmixing. The segmented image and spec-
trum of DAPI show a reasonable agreement with the unmixed
image. However, the Texas red and BODIPY results are of poor
quality due to the large spectral overlap between Texas red and
BODIPY.

4 Conclusion
A novel phasor-based method is introduced for blind unmixing
of spectral lifetime images. The combined analysis of temporal
and spectral phasors yields fractional intensities, spectra and
decay curves for up to three fluorescent dyes without any
prior knowledge about the fluorophores. The temporal and spec-
tral phasors for a mixture of dyes are correlated and for a binary
system we demonstrated a linear relationship between the spec-
tral and temporal phasors. This can be extended to a system with
three fluorophores. In this case, the phasors with different frac-
tional intensities behave linearly and lie in a plane.

Using a phasor approach considerably simplifies the unmix-
ing process. By converting the spectra and decay curves into
phasors and plotting the phasors of all pixels in 2-D diagrams,
the unmixing process is reduced to finding the reference points
of the pure dyes in the phasor plot and a linear interpolation.
Both the real and imaginary parts of the Fourier transforms
show the linear and planar relationships between the phasor
points. For unmixing, a sample with only two components,
only the real or the imaginary part of the phasors, are required.

For a sample with three components, all the phasor points fall
in a plane. In this case, we use both the real and imaginary parts
of the spectral phasors as x and y coordinates and the real and
imaginary parts of time and spectral-time phasors as z.

We note that we only use the first harmonic of the Fourier
transform because it has the highest amplitude and is therefore
least sensitive to noise. A very important feature of this method
is that it does not need the decay curves to be single exponential,
and multiexponential decays can be analyzed and used in the
unmixing as well.

Fig. 8 RGB image (a) and segmented images (c, e, g) of FluoCells pre-
pared slide #2 based on back projecting regions in the phasor plot to the
original image. The spectral phasor (b) and region of interests and esti-
mated spectra of DAPI, BODIPY and Texas red (d, f, h) are also shown.
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Generalization of the method to a higher number of compo-
nents is feasible but requires the employment of higher harmon-
ics to relate the different Fourier transformations. Visualizing
the phasors of more than three components is not trivial and
requires a three-dimensional (3-D) representation to visualize
the cloud of phasor points. However, compared to SPA, the
reference points are not estimated manually from the phasor
cloud and visualization in 3-D is therefore not necessary.

The blind unmixing method presented here is a global
method; lifetimes and spectra are assumed to be invariant in
the image. This enhances the estimation accuracy considerably
due to employment of all photons in the image. All the pixels
take part in the unmixing process, which yields superior results
even in the presence of components with low fractional inten-
sities. In one of the examples presented here, a component with
a contribution of less than 3% to the image is well resolved.

The assumption of invariant lifetimes and spectra is not valid
in all cases. For instance, in Förster Resonance Energy Transfer
(FRET) experiments18 the lifetime of the donor dye may vary
from pixel to pixel which is not compatible with our unmixing
method.

We assume the fluorescence lifetime to be invariant over the
whole spectral range. This is a good approximation in many
cases. The fluorescence lifetime usually shows picosecond var-
iations over the spectrum due to the effects of internal conver-
sion.19 Such small variations, however, hardly influence the
unmixing accuracy. Even small lifetime changes of Alexa
647 over the spectrum hardly affect the unmixing process. In
spite of this, the fractional intensities could be estimated with
high accuracy.

The reference points for a two-component system can be
found analytically. This simplifies the unmixing procedure
and reduces the total time required for unmixing, extracting
the fractional intensity maps, decay curves and spectra. This
whole procedure takes less than 5 s for a 160 × 160 pixel spec-
tral lifetime image. When more components are present, the
reference points cannot be found analytically any longer and
numerical methods have to be used. Using the FORTRAN
IMSL library for solving, the equations numerically slightly
increase the total time for unmixing to 6 s. Optimization of
the code and implementation of multithreading should signifi-
cantly speed up the unmixing.

Finally, the phasor-based unmixing of spectral lifetime
images is a fast and robust technique. It does not require any
prior knowledge and it provides information about the spectra,
decay curves, and fractional intensities of the components.
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