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Preface

The most basic problem of engineering is the design of optimal (or close-to-
optimal) operators. The design of optimal operators takes different forms
depending on the random process constituting the scientific model and the
operator class of interest. The operators might be filters, controllers, or
classifiers, each having numerous domains of application. The underlying
random process might be a random signal/image for filtering, a Markov
process for control, or a feature-label distribution for classification. Here we
are interested in classification, and an optimal operator is a Bayes classifier,
which is a classifier minimizing the classification error.

With sufficient knowledge we can construct the feature-label distribution
and thereby find a Bayes classifier. Rarely, and in practice virtually never, do
we possess such knowledge. On the other hand, if we had unlimited data, we
could accurately estimate the feature-label distribution and obtain a Bayes
classifier. Rarely do we possess sufficient data. Therefore, we must use
whatever knowledge and data are available to design a classifier whose
performance is hopefully close to that of a Bayes classifier.

Classification theory has historically developed mainly on the side of data,
the classical case being linear discriminant analysis (LDA), where a Bayes
classifier is deduced from a Gaussian model and the parameters of the
classifier are estimated from data via maximum-likelihood estimation. The
idea is that we have knowledge that the true feature-label distribution is
Gaussian (or close to Gaussian) and the data can fill in the parameters, in this
case, the mean vectors and common co-variance matrix. Much contemporary
work takes an even less knowledge-driven approach by assuming some very
general classifier form such as a neural network and estimating the network
parameters by fitting the network to the data in some manner. The more
general the classifier form, the more parameters to determine, and the more
data needed. Moreover, there is growing danger of overfitting the classifier
form to the data as the classifier structure becomes more complex. Lack of
knowledge presents us with model uncertainty, and hypothesizing a classifier
form and then estimating the parameters is an ad hoc way of dealing with that
uncertainty. It is ad hoc because the designer postulates a classification rule
based on some heuristics and then applies the rule to the data.
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This book takes a Bayesian approach to modeling the feature-label
distribution and designs an optimal classifier relative to a posterior
distribution governing an uncertainty class of feature-label distributions. In
this way it takes full advantage of knowledge regarding the underlying system
and the available data. Its origins lie in the need to estimate classifier error
when there is insufficient data to hold out test data, in which case an optimal
error estimate can be obtained relative to the uncertainty class. A natural next
step is to forgo classical ad hoc classifier design and simply find an optimal
classifier relative to the posterior distribution over the uncertainty class—this
being an optimal Bayesian classifier.

A critical point is that, in general, for optimal operator design, the prior
distribution is not on the parameters of the operator (controller, filter,
classifier), but on the unknown parameters of the scientific model, which for
classification is the feature-label distribution. If the model were known with
certainty, then one would optimize with respect to the known model; if the
model is uncertain, then the optimization is naturally extended to include
model uncertainty and the prior distribution on that uncertainty. Model
uncertainty induces uncertainty on the operator parameters, and the
distribution of the latter uncertainty follows from the prior distribution on
the model. If one places the prior directly on the operator parameters while
ignoring model uncertainty, then there is a scientific gap, meaning that the
relation between scientific knowledge and operator design is broken.

The first chapter reviews the basics of classification and error estimation.
It addresses the issue that confronts much of contemporary science and
engineering: How do we characterize validity when data are insufficient for
the complexity of the problem? In particular, what can be said regarding the
accuracy of an error estimate? This is the most fundamental question for
classification since the error estimate characterizes the predictive capacity of a
classifier.

Chapter 2 develops the theory of optimal Bayesian error estimation: What
is the best estimate of classifier error given our knowledge and the data? It
introduces what is perhaps the most important concept in the book: effective
class-conditional densities. Optimal classifier design and error estimation for a
particular feature-label distribution are based on the class-conditional
densities. In the context of an uncertainty class of class-conditional densities,
the key role is played by the effective class-conditional densities, which are the
expected densities relative to the posterior distribution. The Bayesian
minimum-mean-square error (MMSE) theory is developed for the discrete
multinomial model and several Gaussian models. Sufficient conditions for
error-estimation consistency are provided. The chapter closes with a
discussion of optimal Bayesian ROC estimation.

Chapter 3 addresses error-estimation accuracy. In the typical ad hoc
classification paradigm, there is no way to address the accuracy of a particular
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error estimate. We can only quantify the mean-square error (MSE) of error
estimation relative to the sampling distribution. With Bayesian MMSE error
estimation, we can compute the MSE of the error estimate conditioned on the
actual sample relative to the uncertainty class. The sample-conditioned MSE
is studied in the discrete and Gaussian models, and its consistency is
established. Because a running MSE calculation can be performed as new
sample points are collected, one can do censored sampling: stop sampling
when the error estimate and MSE of the error estimate are sufficiently small.
Section 3.9 provides double-asymptotic approximations of the first and
second moments of the Bayesian MMSE error estimate relative to the
sampling distribution and the uncertainty class, thereby providing asymptotic
approximation to the MSE, or, its square root, the root-mean-square (RMS)
error. Double asymptotic convergence means that both the sample size and
the dimension of the space increase to infinity at a fixed rate between the two.
Even though we omit many theoretical details (referring instead to the
literature), this section is rather long, on account of double asymptotics, and
contains many complicated equations. Nevertheless, it provides an instructive
analysis of the relationship between the conditional and unconditional RMS.
Regarding the chapter as a whole, it is not a logical prerequisite for succeeding
chapters and can be skipped by those wishing to move directly to
classification.

Chapter 4 defines an optimal Bayesian classifier as one possessing
minimum expected error relative to the uncertainty class, this expectation
agreeing with the Bayesian MMSE error estimate. Optimal Bayesian
classifiers are developed for a discrete model and several Gaussian models,
and convergence to a Bayes classifier for the true feature-label distribution is
studied. The robustness of assumptions on the prior distribution is discussed.
The chapter has a section on intrinsically Bayesian robust classification, which
is equivalent to optimal Bayesian classification with a null dataset. It next has
a section showing how missing values in the data are incorporated into the
overall optimization without having to implement an intermediate imputation
step, which would cause a loss of optimality. The chapter closes with two
sections in which sampling is not random. Section 4.10 considers optimal
sampling, and Section 4.11 examines the effect of dependent sampling.

Chapter 5 extends the theory to multi-class classification via optimal
Bayesian risk classification. It includes evaluation of the sample-conditioned
MSE of risk estimation and evaluation of the posterior mixed moments for
both the discrete and Gaussian models.

Chapter 6 extends the multi-class theory to transfer learning. Here, there
are data from a different (source) feature-label distribution, and one wishes to
use this data together with whatever data are available from the (target)
feature-label distribution of interest. The source and target are linked via a
joint prior distribution, and an optimal Bayesian transfer learning classifier is
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derived for the posterior distribution in the target domain. Both Gaussian and
negative binomial distributions are considered.

The final chapter addresses the fundamental problem of prior construc-
tion: How do we transform prior knowledge into a prior distribution? The
first two sections address special cases: using data from discarded features,
and using knowledge from a partially known physical system. The heart of the
chapter is the development of a general method for transforming scientific
knowledge into a prior distribution by performing an information-theoretic
optimization over a class of potential priors with the optimization constrained
by a set of conditional probability statements characterizing our scientific
knowledge.

In a sense, this book is the last of a trilogy. The Evolution of Scientific
Knowledge: From Certainty to Uncertainty (Dougherty, 2016) traces the
epistemology of modern science from its deterministic beginnings in the
Seventeenth century up through the inherent stochasticity of quantum theory
in the first half of the Twentieth century, and then to the uncertainty in
scientific models that has become commonplace in the latter part of the
Twentieth century. This uncertainty leads to an inability to validate physical
models, thereby limiting the scope of valid science. The last chapter of the
book presents, from a philosophical perspective, the structure of operator
design in the context of model uncertainty. Optimal Signal Processing Under
Uncertainty (Dougherty, 2018) develops the mathematical theory articulated
in that last chapter, applying it to filtering, control, classification, clustering,
and experimental design. In this book, we extensively develop the classifica-
tion theory summarized in that book.

Edward R. Dougherty
Lori A. Dalton
December 2019
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Chapter 1

Classification
and Error Estimation

A classifier operates on a vector of features, which are random variables, and
outputs a decision as to which class the feature vector belongs. We consider
binary classification, meaning that the decision is between two classes.
Typically, a classifier is designed and its error estimated from sample data.
Two basic questions arise. First, given a set of features, how does one design a
classifier from the sample data that provides good classification over the
general population? Second, how does one estimate the error of a designed
classifier from the data? This book examines both classifier design and error
estimation when one is given prior knowledge regarding the population. The
first chapter provides basic background knowledge.

1.1 Classifiers

Classification involves a feature vector X ¼ ½X 1, X 2, : : : , XD�T composed
of random variables (features) on a D-dimensional Euclidean space X ¼ RD, a
binary random variable (label) Y, and a classifier c : RD → f0, 1g to predict
Y∈ {0, 1}. We assume a joint feature-label distribution f X,Y ðx, yÞ for
the random vector–label pair ðX, Y Þ. The feature-label distribution char-
acterizes the classification problem and may be a generalized function.
f XjY ðxj0Þ and f XjY ðxj1Þ, the distributions of X given Y¼ 0 and Y¼ 1,
respectively, are known as the class-conditional distributions. The classification
error is relative to the feature-label distribution and equals the probability of
incorrect classification Pr ðcðXÞ ≠ YÞ. The error also equals the expected
(mean) absolute difference between the label and the classification
E½jY � cðXÞj�. An optimal classifier is one having minimal error among all
classifiers c : RD → f0, 1g. An optimal classifier cBayes is called a Bayes
classifier and its error εBayes is called the Bayes error. The Bayes error is intrinsic
to the feature-label distribution; however, there may be more than one Bayes
classifier.
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The error of an arbitrary classifier c can be expressed as

ε ¼
Z
X
PrðcðXÞ ≠ Y jX ¼ xÞf XðxÞdx

¼
Z
cðxÞ¼0

hðxÞf XðxÞdxþ
Z
cðxÞ¼1

½1� hðxÞ� f XðxÞdx,
(1.1)

where f XðxÞ is the marginal density of X, and hðxÞ ¼ Pr ðY ¼ 1jX ¼ xÞ is the
posterior probability that Y¼ 1. The posterior distribution of Y is
proportional to the product of the prior distribution of Y and the class-
conditional density for x via Bayes’ theorem:

Pr ðY ¼ yjX ¼ xÞ ¼ Pr ðY ¼ yÞf XjY ðxjyÞ
f XðxÞ

. (1.2)

Hence, the error is decomposed as

ε ¼ cε0 þ ð1� cÞε1, (1.3)

where c ¼ PrðY ¼ 0Þ is the a priori probability of class 0,

ε0 ¼ PrðcðXÞ ¼ 1jY ¼ 0Þ

¼
Z
cðxÞ¼1

f XjY ðxj0Þdx
(1.4)

is the probability of an element from class 0 being wrongly classified (the error
contributed by class 0), and, similarly, ε1 ¼ PrðcðXÞ ¼ 0jY ¼ 1Þ.

Since 0 ≤ hðxÞ ≤ 1, the right-hand side of Eq. 1.1 is minimized by the
classifier

cBayesðxÞ ¼
�
0 if hðxÞ ≤ 0.5,

1 otherwise,

¼
�
0 if cf XjY ðxj0Þ ≥ ð1� cÞ f XjY ðxj1Þ,
1 otherwise.

(1.5)

Hence, the Bayes classifier cBayesðxÞ is defined to be 0 or 1 according to
whether Y is more likely to be 0 or 1 given x (ties may be broken arbitrarily).
It follows from Eqs. 1.1 and 1.5 that the Bayes error is given by

εBayes ¼
Z
hðxÞ≤0.5

hðxÞ f XðxÞdxþ
Z
hðxÞ.0.5

½1� hðxÞ� f XðxÞdx. (1.6)

In practice, the feature-label distribution is typically unknown, and a
classifier must be designed from sample data. We assume a dataset consisting
of n points,

2 Chapter 1



and E½εn� . 0.5� t (Devroye, 1982). Moreover, even if a classifier is
universally consistent, the rate at which E½Dn� → 0 is critical to application.
If we desire a classifier whose expected error is within some tolerance of the
Bayes error, consistency is not sufficient. Rather, we would like a statement of
the following form: for any t> 0, there exists nðtÞ such that, for n.nðtÞ,
E½Dn�,t for any distribution of ðX, Y Þ. Unfortunately, even if a classification
rule is universally consistent, the design error converges to 0 arbitrarily slowly
relative to all possible distributions. To wit, if {an} is a decreasing sequence
such that 1/16≥ a1≥ a2≥⋯> 0, then for any sequence of designed classifiers
cn, there exists a distribution of ðX, YÞ such that εBayes¼ 0 and E½εn� . an
(Devroye, 1982).

More generally, consistency is of little consequence for small-sample
classifier design, which is a key focus of the current text.

1.2 Constrained Classifiers

A common problem with small-sample design is that E[Dn] tends to be large.
A classification rule may yield a classifier that performs well on the sample
data. However, if the small sample does not represent the distribution
sufficiently, then the designed classifier will not perform well on the
distribution. Constraining classifier design means restricting the functions
from which a classifier can be chosen to a class C. Constraining the classifier
can reduce the expected design error, but at the cost of increasing the error of
the best possible classifier. Since optimization in C is over a subclass of
classifiers, the error εC of an optimal classifier cC ∈ C will typically exceed the
Bayes error, unless a Bayes classifier happens to be in C. We call
DC ¼ εC � εBayes the cost of constraint. A classification rule yields a classifier
cn,C ∈ C with error εn,C, where εn,C ≥ εC ≥ εBayes. Design error for constrained
classification is Dn,C ¼ εn,C � εC. The expected error of the designed classifier
from C can be decomposed as

E½εn,C� ¼ εBayes þ DC þ E½Dn,C�. (1.13)

The constraint is beneficial if and only if the cost of constraint is less than the
decrease in expected design cost. The dilemma is that strong constraint
reduces E½Dn,C� at the cost of increasing εC.

Historically, discriminant functions have played an important role in
classification. Keeping in mind that the logarithm is a strictly increasing
function, if we define the discriminant function by

dyðxÞ ¼ ln f XjY ðxjyÞ þ ln Pr ðY ¼ yÞ, (1.14)

then the misclassification error is minimized by cBayesðxÞ¼ y if
dyðxÞ ≥ djðxÞ for j¼ 0, 1, or equivalently, cBayesðxÞ ¼ 0 if and only if
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c estimated by n0/n (default LDA), and c substituted by 0.5 (Anderson W
statistic). The advantage of knowing c is evident, and this advantage is
nonnegligible for small n. Estimating c is sufficiently difficult with small
samples that in the case of n¼ 20, for 0.38≤ c≤ 0.62, the AndersonW statistic
outperforms the default LDA.

The true error for any classifier c with linear discriminant gðxÞ ¼ aTxþ b
on Gaussian distributions with known means my and covariances Sy (S0≠S1

allowable) is given in closed form by placing

εy ¼ F

0
@ð�1ÞygðmyÞffiffiffiffiffiffiffiffiffiffiffiffiffi

aTSya
q

1
A (1.32)

in Eq. 1.3 for y¼ 0, 1, where F is the standard normal cumulative distribution
function (CDF) (Sitgreaves, 1961). Hence, the Bayes error when S¼S0¼S1 is
given by

εBayes ¼ cεBayes,0 þ ð1� cÞεBayes,1, (1.33)

where

εBayes,y ¼ F

0
@ð�1ÞygBayesðmyÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

aTBayesSaBayes
q

1
A. (1.34)

Generally speaking, the more complex a classifier class C, the smaller the
constraint cost and the greater the design cost. By this we mean that the more
finely the functions in C partition the feature space RD, the better functions
within it can approximate a Bayes classifier, and, concomitantly, the more
they can overfit the data. This notion can be illustrated via a celebrated
theorem that provides bounds for E½Dn,C�. It concerns the empirical error

(a) (b)

Figure 1.1 Average true error of LDA under Gaussian classes with respect to c:
(a) n ¼ 20; (b) n ¼ 50. [Reprinted from (Esfahani and Dougherty, 2013).]
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between the true and cross-validation estimated errors has been mathemati-
cally demonstrated in some basic models (Braga-Neto and Dougherty, 2005).

1.4 Random Versus Separate Sampling

Thus far, we have assumed random sampling, under which the dataset Sn is
drawn independently from a fixed distribution of feature–label pairs ðX, Y Þ.
In particular, this means that if a sample of size n is drawn for a binary
classification problem, then the number of sample points in classes 0 and 1, n0
and n1, respectively, are binomial random variables such that n0þ n1¼ n. An
immediate consequence of the random-sampling assumption is that the prior
probability c ¼ PrðY ¼ 0Þ can be consistently estimated by the sampling ratio
ĉ ¼ n0∕n, namely, n0∕n→ c in probability.

While random sampling is almost invariably assumed (often tacitly) in
classification theory, it is quite common in real-world situations for sampling
not to be random. Specifically, with separate sampling, the class ratios n0∕n
and n1∕n are chosen prior to sampling. Here, Sn ¼ Sn0 ∪ Sn1 , where the
sample points in Sn0 and Sn1 are selected randomly from class 0 and class 1,
respectively, but, given n, the individual class counts n0 and n1 are not
random. In this case, n0∕n is not a meaningful estimate of c. When c is not
known, both QDA and LDA involve the estimate ĉ ¼ n0∕n by default. Hence,
in the case of separate sampling when c is unknown, they are problematic.
More generally, most classification rules make no explicit mention of c;
however, their behavior depends on the sampling ratio, and their expected
performances can be significantly degraded by separate sampling. In the
special case when c is known and n0∕n � c for separate sampling, the
sampling is said to be stratified.

Example 1.1. Consider a model composed of multivariate Gaussian distribu-
tions with a block covariance structure (Esfahani and Dougherty, 2013). The
model has several parameters that can generate various covariance matrices.
For example, a 3-block covariance matrix with block size 5 has the structure

Sy ¼
2
4 By 05�5 05�5
05�5 By 05�5
05�5 05�5 By

3
5, (1.45)

where 0k� l is a matrix of size k� l with all elements being 0, and

By ¼ s2
y

2
66664
1 r r r r
r 1 r r r
r r 1 r r
r r r 1 r
r r r r 1

3
77775, (1.46)
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(equivalently, the prior knowledge must be sufficiently great) that an
acceptable bound can be achieved with an acceptable sample size.

1.5.2 Error RMS in the Gaussian model

To illustrate the error RMS problem, we first consider RMS for LDA in the
one-dimensional heteroscedastic model (means m0 and m1, and variances s2

0

and s2
1) with separate sampling using fixed class sample sizes n0 and n1, and

resubstitution error estimation. Here, LDA is given by cLDAðxÞ ¼ 0 if and
only if WðxÞ,0, where WðxÞ is the Anderson W statistic in Eq. 1.29; relative
to our default definition, this variant of LDA assumes that ĉ ¼ 0.5 and assigns
the decision boundary to class 1 instead of class 0. The true error and
resubstitution estimate for class y are denoted by εyn and ε̂yresub, respectively.
From here forward we will typically denote the class associated with an error
or error estimate using superscripts to avoid cluttered notation. The MSE is

MSEðε̂nÞ ¼ E
�����cε0n þ ð1� cÞε1n �

�
n0
n
ε̂0resub þ

n1
n
ε̂1resub

�����2
�
. (1.50)

To evaluate the MSE we need expressions for the various second-order
moments involved. These are derived in (Zollanvari et al., 2012) and are
provided in (Braga-Neto and Dougherty, 2015). To illustrate the complexity
of the problem, even in this very simple setting, we state the forms of the
required second-order moments for the RMS. In all cases, the expressions of
the form Z< 0 and Z≥ 0 mean that all components of Z are nonpositive and
nonnegative, respectively.

The second-order moments for εyn are

E
	ðε0nÞ2
 ¼ PrðZI,0Þ þ PrðZI ≥ 0Þ, (1.51)

E
	
ε0nε

1
n


 ¼ PrðZII,0Þ þ PrðZII ≥ 0Þ, (1.52)

E
	ðε1nÞ2
 ¼ PrðZIII,0Þ þ PrðZIII ≥ 0Þ, (1.53)

where Zj, for j¼ I, II, III, are 3-variate Gaussian random vectors with means

mZI ¼ mZII ¼ mZIII ¼
2
4 m0�m1

2
m1 � m0
m0�m1

2

3
5, (1.54)

and covariance matrices

SZI ¼
2
4 sþ s2

0 2d s
2d 4s 2d
s 2d sþ s2

0

3
5, (1.55)
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Chapter 2

Optimal Bayesian
Error Estimation

Given that a distributional model is needed to achieve useful performance
bounds for classifier error estimation when using the training data, a natural
course of action is to define a prior distribution over the uncertainty class of
feature-label distributions and then find an optimal minimum-mean-square-
error (MMSE) error estimator relative to the uncertainty class (Dalton and
Dougherty, 2011b).

2.1 The Bayesian MMSE Error Estimator

Consider finding a MMSE estimator (filter) of a nonnegative function
gðX , YÞ of two random variables based on observing Y; that is, minimize
EX ,Y ½jgðX , YÞ � hðYÞj2� over all Borel measurable functions h. The optimal
estimator,

ĝ ¼ arg min
h

EX ,Y ½jgðX , Y Þ � hðY Þj2�, (2.1)

is given by the conditional expectation

ĝðYÞ ¼ EX ½gðX , Y ÞjY �: (2.2)

Moreover, ĝðY Þ is an unbiased estimator over the distribution f ðx, yÞ of ðX , Y Þ:

EY ½ĝðYÞ� ¼ EX ,Y ½gðX , Y Þ�: (2.3)

The fact that ĝðYÞ is an unbiased MMSE estimator of gðX , Y Þ over f ðx, yÞ
does not tell us how well ĝðYÞ estimates gðx̄, Y Þ for some specific value
X ¼ x̄. This has to do with the expected difference
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Further, by Bayes’ theorem,

p∗ðuyÞ ¼ f ðuyjfxyi gny1 Þ
∝ pðuyÞf ðfxyi gny1 juyÞ

¼ pðuyÞ
Yny
i¼1

f uyðxyi jyÞ:
(2.17)

We assume that sample points are independent throughout, with the exception
of Sections 4.10 and 4.11. As is common in Bayesian analysis, we often
characterize a posterior as being proportional to a prior times a likelihood; the
normalization constant will still be accounted for throughout our analysis.

Although we call pðuyÞ the “prior probabilities,” they are not required to
be valid density functions. The priors are proper if the integral of pðuyÞ is
finite, and they are improper if the integral of pðuyÞ is infinite, i.e., if pðuyÞ
induces a s-finite measure but not a finite probability measure. The flat prior
over an infinite support is necessarily an improper prior. When improper
priors are used, Bayes’ theorem does not apply. However, as long as the
product of the prior and likelihood function is integrable, we define the
posterior to be their normalized product, e.g., we take Eq. 2.17 (following
normalization) as the definition of the posterior in the mutually independent
case.

For the class prior probabilities, under random sampling, we only need to
consider the size of each class:

p∗ðcÞ ¼ f ðcjn0Þ ∝ pðcÞf ðn0jcÞ ∝ pðcÞcn0ð1� cÞn1 , (2.18)

where we have taken advantage of the fact that n0 has a binomialðn, cÞ
distribution given c. We consider three models for the prior distributions of
the a priori class probabilities: beta, uniform, and known.

Suppose that the prior distribution for c follows a betaða0, a1Þ distribution,

pðcÞ ¼ ca0�1ð1� cÞa1�1

Bða0, a1Þ
, (2.19)

where

Bða0, a1Þ ¼
Gða0ÞGða1Þ
Gða0 þ a1Þ

(2.20)

is the beta function, and

GðaÞ ¼
Z

`

0
xa�1e�xdx (2.21)
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2.2 Evaluation of the Bayesian MMSE Error Estimator

Direct evaluation of the Bayesian MMSE error estimator is accomplished by
deriving Ep∗ ½εyn� for each class using Eq. 2.14, finding Ep∗ ½c� according to the
prior model for c, and referring to Eq. 2.13 for the complete Bayesian MMSE
error estimator. This can be tedious owing to the need to evaluate a
challenging integral. Fortunately, the matter can be greatly simplified.
Relative to the uncertainty class U and the posterior distribution p∗ðuyÞ for
y¼ 0, 1, we define the effective class-conditional density as

f UðxjyÞ ¼
Z
Uy

f uyðxjyÞp∗ðuyÞduy: (2.26)

The next theorem shows that the effective class-conditional density, which is
the average of the state-specific conditional densities relative to the posterior
distribution, can be used to more easily obtain the Bayesian MMSE error
estimator than by going through the route of direct evaluation.

Theorem 2.1 (Dalton and Dougherty, 2013a). Let c be a fixed classifier given
by cðxÞ ¼ 0 if x ∈ R0, and cðxÞ ¼ 1 if x ∈ R1, where R0 and R1 are measurable
sets partitioning the feature space. Then the Bayesian MMSE error estimator
can be found by

ε̂nðSn, cÞ ¼ Ep∗ ½c�
Z
R1

f Uðxj0Þdxþ ð1� Ep∗ ½c�Þ
Z
R0

f Uðxj1Þdx

¼
Z
X
½Ep∗ ½c� f Uðxj0ÞIx∈R1

þ ð1� Ep∗ ½c�Þ f Uðxj1ÞIx∈R0
�dx:

(2.27)

Proof. For a fixed distribution uy and classifier c, the true error contributed by
class y ∈ f0, 1g may be written as

εynðuy, cÞ ¼
Z
R1�y

f uyðxjyÞdx: (2.28)

Averaging over the posterior yields

Ep∗ ½εynðuy, cÞ� ¼
Z
Uy

εynðuy, cÞp∗ðuyÞduy

¼
Z
Uy

Z
R1�y

f uyðxjyÞdxp∗ðuyÞduy

¼
Z
R1�y

Z
Uy

f uyðxjyÞp∗ðuyÞduydx

¼
Z
R1�y

f UðxjyÞdx,

(2.29)
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The third row of Fig. 2.2 shows performance graphs with sample size
n¼ 20, as a function of p. These illustrate how each prior performs as the true
distributions vary. In all cases, performance is best in the ranges of p and q
that are well represented in the prior distributions, but outside this range
results can be poor. This is best seen in Fig. 2.2(e), where the RMS curves
move to the right as the priors move right. High-information priors offer
better performance if they are within the targeted range of parameters, but
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Figure 2.2 RMS deviation from true error for discrete classification (b¼ 2, c¼ 0.5): (a) using
low variance priors; (b) using priors centered at p¼ 0.5; (c) versus sample size (low variance
priors, p¼ 0.8); (d) versus sample size (centered priors, p¼ 0.8); (e) versus p (low variance
priors, n¼ 20); (f) versus p (centered priors, n¼ 20). Lines without markers represent Bayesian
MMSE error estimators with different beta priors, which are labeled and shown in the graph at
the top of the corresponding column. [Reprinted from (Dalton and Dougherty, 2011b).]
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Theorem 2.9 (Dalton and Dougherty, 2013a). Assuming that n∗ . 0,
k∗ . D� 1, and S∗ is symmetric positive definite, the effective class-conditional
density for the general covariance model is a multivariate t-distribution with
k ¼ k∗ �Dþ 1 degrees of freedom, location vector m∗, and scale matrix
½ðn∗ þ 1Þ∕ððk∗ �Dþ 1Þn∗Þ�S∗. That is,

f UðxjyÞ ¼
GðkþD

2 Þ
Gðk2Þk

D
2p

D
2 j n∗þ1

ðk∗�Dþ1Þn∗ S
∗j12

�
�
1þ 1

k
ðx�m∗ÞT

�
n∗ þ 1

ðk∗ �Dþ 1Þn∗ S
∗
��1

ðx�m∗Þ
��kþD

2

:

(2.120)

This distribution is proper, the mean exists and is m∗ as long as k∗ . D, and the
covariance exists and is ½ðn∗ þ 1Þ∕ððk∗ �D� 1Þn∗Þ�S∗ as long as k∗ . Dþ 1.

Proof. By definition,

f UðxjyÞ ¼
Z
Ly

Z
RD

f my,Sy
ðxÞp∗ðmyjSyÞp∗ðSyÞdmydSy

¼
Z
Ly

f m∗, n∗þ1
n∗ Sy

ðxÞp∗ðSyÞdSy,
(2.121)

where in the last line we have used Theorem 2.6 for the fixed covariance
model. Continuing,

f UðxjyÞ ¼
Z
Ly

ðn∗ÞD2
ðn∗ þ 1ÞD2 ð2pÞD2 jSyj12

� exp
�
� n∗

2ðn∗ þ 1Þ ðx�m∗ÞTS�1
y ðx�m∗Þ

�

� jS∗jk∗2
2

k∗D
2 GDðk∗2 Þ

jSyj�k∗þDþ1
2 etr

�
� 1
2
S∗S�1

y

�
dSy

¼
Z
Ly

ðn∗ÞD2
ðn∗ þ 1ÞD2 ð2pÞD2 ⋅

jS∗jk∗2
2

k∗D
2 GDðk∗2 Þ

jSyj�k∗þDþ2
2

� etr
�
� 1
2

�
S∗ þ n∗

n∗ þ 1
ðx�m∗Þðx�m∗ÞT

�
S�1

y

�
dSy:

(2.122)

The integrand is essentially an inverse-Wishart distribution and, therefore,
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Chapter 3

Sample-Conditioned MSE
of Error Estimation

There are two sources of randomness in the Bayesian model. The first is the
sample, which randomizes the designed classifier and its true error. Most
results on error estimator performance are averaged over random samples,
which demonstrates performance relative to a fixed feature-label distribution.
The second source of randomness is uncertainty in the underlying feature-
label distribution. The Bayesian MMSE error estimator addresses the second
source of randomness. This gives rise to a practical expected measure of
performance given a fixed sample and classifier.

Up until this point, unless otherwise stated, we have assumed that c and
ðu0, u1Þ are independent to simplify the Bayesian MMSE error estimator.
However, our interest is now in evaluating the MSE of an error estimator
itself, which generally depends on the variances and correlations between the
errors contributed by both classes. For the sake of simplicity, throughout this
chapter we avoid the need to evaluate correlations by making the stronger
assumption that c, u0, and u1 are all mutually independent. See Chapter 5 and
(Dalton and Yousefi, 2015) for derivations in the general case.

3.1 Conditional MSE of Error Estimators

For a fixed sample Sn, the sample-conditioned MSE of an arbitrary error
estimator ε̂

•
is defined to be

MSEðε̂
•
ðSn, cÞjSnÞ ¼ Ep� ½ðεnðu, cÞ � ε̂

•
ðSn, cÞÞ2�: (3.1)

This is precisely the objective function optimized by the Bayesian MMSE
error estimator. Also define the conditional MSE for the Bayesian MMSE
error estimate for each class:

MSEðε̂ yn ðSn, cÞjSnÞ ¼ Ep� ½ðεyn ðuy, cÞ � ε̂ yn ðSn, cÞÞ2�: (3.2)
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the problem. In particular, the expressions for ε̂ 0n , ε̂ 1n , Ep� ½ðε0nðu0ÞÞ2�,
and Ep� ½ðε1nðu1ÞÞ2� can take on only a finite set of values, which is especially
small for a small number of bins or sample points. In both parts of Fig. 3.1
(as well as in other unshown plots for different values of b and n), the density
of the conditional RMS for the Bayesian MMSE error estimator is much
tighter than that of leave-one-out. For example, in Fig. 3.1(b) the
conditional RMS of the Bayesian MMSE error estimator tends to be very
close to 0.05, whereas the leave-one-out error estimator has a long tail with
substantial mass between 0.05 and 0.2. Furthermore, the conditional RMS
for the Bayesian MMSE error estimator is concentrated on lower values of
RMS, so much so that in all cases the unconditional RMS of the Bayesian
MMSE error estimator is less than half that of the leave-one-out error
estimator.

Without any kind of modeling assumptions, distribution-free bounds on
the unconditional RMS are too loose to be useful. In fact, the bound from
Eq. 1.48 is greater than 0.85 in both subplots of Fig. 3.1. On the other hand, a
Bayesian framework facilitates exact expressions for the RMS conditioned on
the sample for both the Bayesian MMSE error estimator and any other error
estimation rule.

3.4 Gaussian Model

We next consider the Gaussian model. For linear classifiers, we have closed-
form Bayesian MMSE error estimators for four models: fixed covariance, scaled
identity covariance, diagonal covariance, and general covariance. However, note
that independence between u0 and u1 implies that the following results are not
applicable in homoscedastic models. To avoid cluttered notation, in this section
we denote hyperparameters without subscripts.

3.4.1 Effective joint class-conditional densities

Known Covariance

The following theorem provides a closed form for the effective joint density in
the known covariance model.

Theorem 3.6 (Dalton and Yousefi, 2015). If n� . 0 and Sy is a fixed symmetric
positive definite matrix, then

f Uðx, zjyÞ � N

 "
m�

m�

#
,

"
n�þ1
n� S 1

n� Sy

1
n� Sy

n�þ1
n� Sy

#!
: (3.29)
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and

F 1

�
1
2
;
1
2
, 1;

3
2
; w, z

�
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi

w� z
p tan�1

� ffiffiffiffiffiffiffiffiffiffiffiffi
w� z
1� w

r �
: (3.139)

Further simplification gives the result in the statement of the lemma. ▪

3.5 Average Performance in the Gaussian Model

In this section we examine performance in Gaussian models under proper
priors with fixed sample size, illustrating that different samples condition
RMS performance to different extents and that models using more
informative priors have better RMS performance.

Consider an independent general covariance Gaussian model with known
and fixed c¼ 0.5. Let n0¼ 6D, n1¼ 3D, m0¼ 0D, m1¼�0.1719⋅1D, ky¼ 3D,
and Sy ¼ 0.03ðky �D� 1ÞID. This is a proper prior, where m1 has been
calibrated to give an expected true error of 0.25 with D¼ 1.

Following the procedure in Fig. 2.5, in step 1, m0, S0, m1, and S1 are
generated according to the specified priors. This is done by generating a
random covariance according to the inverse-Wishart distribution pðSyÞ using
methods in (Johnson, 1987). Conditioned on the covariance, we generate a
random mean from the Gaussian distribution pðmyjSyÞ � N ðmy, Sy∕nyÞ,
resulting in a normal-inverse-Wishart distributed mean and covariance pair.
The parameters for class 0 are generated independently from those of class 1.

In step 2A we generate a random sample of size n, in step 2B the prior is
updated to a posterior, and in step 2C we train an LDA classifier. In step 2D,
the true error of the classifier is computed exactly, the training data are used
to evaluate the 5-fold cross-validation error estimator, a Bayesian MMSE
error estimator is found exactly using the posterior, and the theoretical
sample-conditioned RMS for the Bayesian MMSE error estimator is
computed exactly. The sampling procedure is repeated t¼ 1000 times for
each fixed feature-label distribution, with T¼ 10,000 feature-label distribu-
tions, for a total of 10,000,000 samples.

Table 3.1 shows the accuracy of the analytical formulas for conditional
RMS using n¼ 60 with different feature sizes ðD ¼ 1, 2, and 5Þ. There

Table 3.1 Average true error, semi-analytical RMS, and absolute difference between the
semi-analytical and empirical RMS for the Bayesian MMSE error estimator.

Simulation settings
Average
true error

Semi-analytical
RMS

Absolute difference
between RMSs

n¼ 60, D¼ 1 0.2474 0.0377 5.208� 10–6

n¼ 60, D¼ 2 0.1999 0.0358 3.110� 10–5

n¼ 60, D¼ 5 0.1156 0.0262 8.971� 10–5
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Chapter 5

Optimal Bayesian Risk-based
Multi-class Classification

In this chapter we consider classification under multiple classes and allow
for different types of error to be associated with different levels of risk or loss.
A few classical classification algorithms naturally permit multiple classes
and arbitrary loss functions; for example, a plug-in rule takes the functional
form for an optimal Bayes decision rule under a given modeling assumption
and substitutes sample estimates of model parameters in place of the true
parameters. This can be done with LDA and QDA for multiple classes with
arbitrary loss functions, which essentially assume that the underlying class-
conditional densities are Gaussian with equal or unequal covariances,
respectively. Most training-data error estimation methods, for instance, cross-
validation, can also be generalized to handle multiple classes and arbitrary loss
functions. However, it is expected that the same difficulties encountered under
binary classes with simple zero-one loss functions (where the expected risk
reduces to the probability of misclassification) will carry over to the more
general setting, as they have in ROC curve estimation (Hanczar et al., 2010).

Support vector machines are inherently binary but can be adapted to
incorporate penalties that influence risk by implementing slack terms or
applying a shrinkage or robustifying objective function (Xu et al., 2009a,b). It is
also common to construct multi-class classifiers from binary classifiers using the
popular one-versus-all or all-versus-all strategies (Bishop, 2006). The former
method builds several binary classifiers by discriminating one class, in turn,
against all others, and at a given test point reports the class corresponding to the
highest classification score. The latter discriminates between each combination
of pairs of classes and reports a majority vote. However, it is unclear how one
may assess the precise effect of these adaptations on the expected risk.

Here we generalize the Bayesian MMSE error estimator, sample-conditioned
MSE, and OBC to treat multiple classes with arbitrary loss functions. We will
present the analogous concepts of the Bayesian risk estimator, sample-conditioned
MSE for risk estimators, and optimal Bayesian risk classifier. We will show that
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5.7 Evaluation of Posterior Mixed Moments: Gaussian Models

We now consider Gaussian models with mean vectors my and covariance
matrices Sy. All posteriors on parameters, effective densities, and effective
joint densities found in this section apply under arbitrary multi-class
classifiers. We also find analytic forms for posterior mixed moments, the
BRE, and the conditional MSE under binary linear classifiers c of the form

cðxÞ ¼
�
0 if gðxÞ ≤ 0,
1 otherwise,

(5.53)

where gðxÞ ¼ aTxþ b for some vector a and scalar b. Under arbitrary
classifiers, the BRE and conditional MSE may be approximated using
techniques described in Section 5.5.

5.7.1 Known covariance

Assume that Sy is known and is a valid invertible covariance matrix. Then
Ty ¼ my with parameter space Uy ¼ RD. We assume that the my are mutually
independent and use the prior in Eq. 2.58:

pðmyÞ ∝ jSyj�1
2 exp

�
� ny

2
ðmy �myÞTS�1

y ðmy �myÞ
	
, (5.54)

where ny ∈ R and my ∈ RD. The posterior is of the same form as the prior,
with updated hyperparameters n�y and m�

y given in Eqs. 2.65 and 2.66,
respectively. We require that n�y . 0 for a proper posterior. The effective
density is given in Eq. 2.96 of Theorem 2.6.

To find the BRE we require ε̂ i,yn ðc, SnÞ. Under linear classifiers, this is
essentially given by Theorem 2.10, except that the exponent of �1 is altered
to obtain

ε̂ i,yn ðc, SnÞ ¼ F

0
B@ð�1Þiþ1gðm�

yÞffiffiffiffiffiffiffiffiffiffiffiffiffi
aTSya

q
ffiffiffiffiffiffiffiffiffiffiffiffiffi
n�y

n�y þ 1

s 1
CA: (5.55)

To find the MSE under linear classification, note that f Uðwjx, y, zÞ is of
the same form as f UðxjyÞ with posterior hyperparameters updated with ðx, yÞ
as a new sample point. Hence, for y ¼ z,

f Uðwjx, y, yÞ � N
�
m�

y þ
x�m�

y

n�y þ 1
,
n�y þ 2
n�y þ 1

Sy

	
, (5.56)
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Chapter 7

Construction of Prior
Distributions

Up to this point we have ignored the issue of prior construction, assuming
that the characterization of uncertainty is known. For optimal Bayesian
classification, the problem consists of transforming scientific knowledge into a
probability distribution governing uncertainty in the feature-label distribu-
tion. Regarding prior construction in general, in 1968, E. T. Jaynes remarked,
“Bayesian methods, for all their advantages, will not be entirely satisfactory
until we face the problem of finding the prior probability squarely” (Jaynes,
1968). Twelve years later, he added, “There must exist a general formal theory
of determination of priors by logical analysis of prior information—and that
to develop it is today the top priority research problem of Bayesian theory”
(Jaynes, 1980).

Historically, prior construction has tended to utilize general methodolo-
gies not targeting any specific type of prior information and has usually been
treated independently (even subjectively) of real available prior knowledge
and sample data. Subsequent to the introduction of the Jeffreys rule prior
(Jeffreys, 1946), objective-based methods were proposed, two early ones
being (Kashyap, 1971) and (Bernardo, 1979). There appeared a series of
information-theoretic and statistical approaches: non-informative priors for
integers (Rissanen, 1983), entropic priors (Rodriguez, 1991), maximal data
information priors (MDIP) (Zellner, 1995), reference (non-informative) priors
obtained through maximization of the missing information (Berger and
Bernardo, 1992), and least-informative priors (Spall and Hill, 1990) [see also
(Bernardo, 1979; Kass and Wasserman, 1996; Berger et al., 2012)]. The
principle of maximum entropy can be seen as a method of constructing least-
informative priors (Jaynes, 1957, 1968). Except in the Jeffreys rule prior,
almost all of the methods are based on optimization: maximizing or
minimizing an objective function, usually an information theoretic one. The
least-informative prior in (Spall and Hill, 1990) is found among a restricted set
of distributions, where the feasible region is a set of convex combinations of
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