
4.1 Null subaperture layout design

The subaperture layout design for null subaperture stitching interferometry is
quite straightforward because we do not need to consider the dynamic range of
measurement. When testing a larger flat or planar wavefront, we simply put the
subapertures one by one with given center-to-center distances in two lateral direc-
tions. As shown in Fig. 5, the overlapping ratio is completely determined by the
center-to-center distance l. A simple geometric calculation gives the ratio ro as fol-
lows:

ro ¼
2 arccosðl∕dÞ

π
−
2l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2 − l2

p

πd2
, (1)

where d is the diameter of the subaperture. For an instance, the overlapping ratio
is about 39.1% for l = 0.5 d and 28.5% for l = 0.6 d.

When testing spherical surfaces with a Fizeau interferometer, the TS is first
selected according to the radius of curvature of the test surface. The half-angle θ
of the test beam cone is then calculated from the f/number of the TS. After selec-
tion of the TS, subapertures are roughly arranged according to the test geometry
shown in Fig. 1. The optical axis of the surface is located at the geometric center
of the full aperture. Without loss of generality, we consider the off-axis subaper-
ture centered on the x axis. The off-axis distance x0 of the subaperture is given
by the off-axis angle β:

x0 ¼ r sin β: (2)

Exact calculation of the overlapping ratio in this case is subtle and compli-
cated, typically in the form of a surface integral.42 However, that is not necessary
because the small uncertainty of the ratio has little effect on the measurement
uncertainty. A simple approximation is applying Eq. (1) for the rough arrange-
ment of subapertures. The overlapping ratio can further be checked numerically
by applying the convex hull algorithm on the OXY plane, with the determined

Figure 5 Overlapping ratio determined by the center-to-center distance.
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off-axis distance x0 or off-axis angle β. The problem of determining the overlap-
ping point pairs as required in the subaperture stitching algorithm will be dis-
cussed in Section 5.3.

4.2 Aberrations of off-axis aspheric subapertures

The curvature of aspheres varies with the off-axis distance, and so does the
aspheric departure. At the same time, how big the subaperture could be depends
first on whether its departure is small enough to generate resolvable fringes.
Consider an off-axis subaperture of a convex conic surface

x2 þ y2 ¼ 2Rz − ð1 − e2Þz2, (3)

where R is the radius of curvature at the vertex (negative for convex), and e is the
eccentricity. The coordinates of the geometric center of the subaperture are (x0, 0,
z0) in the parent frame. The optical axis of the testing system is approximately the
surface normal at the geometric center when testing the subaperture. A local
frame is, therefore, built as shown in Fig. 6.

By simple coordinate transformation, the local coordinates of the measuring
points are related as follows:

ðx cos βþ z sin βþ x0Þ2 þ y2 þ 2Rðx sin β − z cos β − z0Þ
þ ð1 − e2Þðx sin β − z cos β − z0Þ2 ¼ 0, (4)

where β is the off-axis angle between the optical axis of the testing system and
that of the parent surface. Therefore, coordinate z can be solved as a function of
(x, y). With spherical component zs subtracted from z, we then get the analytical
description of the wavefront aberration. By using the Maclaurin series expansion
up to third-order terms, the wavefront aberration is described as follows:

z − zs ¼ c0 þ c1x
2 þ c2y

2 þ c3x
3 þ c4xy

2: (5)

The other terms disappear because the off-axis is purely in the x-direction
without loss of generality. The coefficients are explicitly related to Seidel

Figure 6 Coordinate frames for an off-axis subaperture.
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aberrations56 and Zernike polynomial terms Z4 (astigmatism at 0 deg and focus),
Z6 (coma and x-tilt), and Z9 (trefoil) in Cartesian coordinates:

Z4 ¼ x2 − y2, Z6 ¼ −2xþ 3xðx2 þ y2Þ, Z9 ¼ x3 − 3xy2: (6)

The corresponding coefficients are obtained as follows:

P4 ¼ −
e2 sin2 β

4R

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2 sin2 β

q
,

P6 ¼
1 − e2 sin2 β

24R2 e2 sin β cos βð4 − 3e2 sin2 βÞ,

P9 ¼ −
1 − e2 sin2 β

8R2 e4 sin3 β cos β: (7)

Now we have

P6

P9
¼ 1 −

4

3

1

e2 sin2 β
: (8)

The trefoil is far less than the coma when e2sin2β is far less than 1. Moreover,
P4, P6, and P9 are quadratically, linearly, and cubically proportional to β, respec-
tively, if β is small. Therefore, in the testing of off-axis subapertures, we may cor-
rect most of the astigmatism and coma while leaving the trefoil uncorrected.41

4.3 Non-null subaperture layout design

It is increasingly convincing that subaperture stitching interferometry is flexible
for the testing of a variety of surfaces, but what is the limit of its capability? In
non-null testing, whether the subaperture can be tested or not is still determined
by the aspheric departure that varies with the off-axis distance. Theoretically,
the subaperture can be small enough to reduce the departure, but this is impracti-
cal because the number of subapertures increases sharply. Therefore, it is impor-
tant to quickly estimate the applicability or complexity of non-null subaperture
stitching interferometry for a given aspheric surface.43

Non-null subaperture layout design includes the determination of subaperture
location and interferometer parameters, and the calculation of subaperture depar-
ture from the best-fit sphere. The location of subapertures is basically determined
by the requirements of lateral resolution, overlapping ratio, and full-aperture-
covering capability.42 Here, we can still apply Eq. (1) as a simple approximation
for the rough arrangement of subapertures, but the layout design is also related
to the subaperture departure, which must not exceed the dynamic range of the
interferometer. Therefore, the main problem involves calculating the aspheric
departure of a subaperture whose location is given arbitrarily. If the departure
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exceeds the vertical range of an interferometer, we should change the subaperture
location or change the interferometer parameters, such as the TS, the zoom, and
so on. Fortunately, we do not need to meet any of the previous requirements accu-
rately in designing the subaperture layout. For example, the overlapping ratio
ranging from 20% to 50% is allowed and makes little difference to the stitching
algorithm owing to its simultaneous stitching nature.

In 2006, we proposed a subtle method for layout design by minimizing the
mean-square aspheric departure in the form of a surface integral.42 It is sophisti-
cated since minimization of a surface integral is involved. However, a fast version
of the method can be obtained with proper approximation.43

Suppose the geometrical center (x0, 0, z0) of subaperture i is on the generatrix
of a rotationally symmetrical surface. The radius of curvature at the subaperture
center is r. The angle between the normal vector and the global optical axis z is
denoted by β. If x0 = 0 or β = 0, we get the central subaperture. A local coordi-
nate frame {i} is attached to the subaperture with the z axis parallel to the normal.
The slight difference between the normal and the real optical axis of the interfer-
ometer is considered by the removal of piston, tilt and power of the subaperture
data. The origin is set at the vertex of the TS (or its image about the focus of
the test beam). A global model frame {M} is attached to the surface with the ori-
gin at the vertex (see Fig. 7).

The configuration of the model frame {M} with respect to the local frame {i}
is denoted by gi, whose inverse is

g−1i ¼

2
664
cos β 0 − sin β x0 − ðr − rtsÞ sin β
0 1 0 0

sin β 0 cos β z0 þ ðr − rtsÞ cos β
0 0 0 1

3
775, (9)

where rts is the radius of the TS.

Figure 7 Subaperture test configuration.
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